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1.  Introduction. 


§  1.  ^HE  Theoiy  of  Singular  Solutions  is  now  generally 
understood  to  relate  to  certain  solutions  of  a 


rational,  integral,  algebraic  equation  of  the  degree  in 
^  j ,  whose  coefficients  are  rational,  integral,  algebraic 


( 


functions  of  x,  y.  The  primitive  of  this  equation  is  known 
to  be  a  rational,  integral,  algebraic  equation  of  the  degree 
in  an  arbitrary  constant,  i2,  having  coefficients  which  are 
functions,  not  necessarily  algebraic,  of  y.  A  solution  of  the 
;p-equatIon  which  cannot  be  deduced  from  the  primitive  by 
giving  £1  any  special  value  is  called  a  “singular  solution”;  a 
solution  which  can  be  so  deduced  is  called  a  “  particular 
integral.”  (We  shall  denote  this  by  the  letters  P.I.). 

The  singular  solution  is  known  to  be  the  envelope  of  the 
family  of  curves  represented  by  the  complete  primitive  ;  hence 
the  geometrical  statement  of  the  above  is ;  A  rational,  inte¬ 
gral,  algebraic  equation  of  the  degree  in  whose  coeffi¬ 
cients  are  rational,  integral,  algebraic  functions  of  y, 
represents  a  family  of  curves,  not  necessarily  algebraic, 
depending  on  the  arbitrary  parameter  12,  and  such  that  through 
every  point  of  the  plane  there  pass  n  curves  of  the  family. 
The  equation  of  an  envelope  of  this  family  of  curves  satisfies 
the  ^-equation  and  is  called  a  “singular  solution”;  any 
particular  curve  of  the  family  is  a  “  particular  integral.” 

If  the  coordinates  of  any  particular  point  be  substituted 
for  .a?,  y  in  the  £1-  and  ^-equations  these  equations  give  re¬ 
spectively,  the  11  values  of  £i  which  determine  the  n  curves 
through  the  point,  and  the  n  values  of  p  which  determine  the 
directions  of  the  tangents  to  the  n  curves  at  the  point. 
If  the  particular  point  be  on  the  envelope,  two  of  the 
curves  through  the  point  are  consecutive^  and  the  directions  of 
the  tangents  to  these  two  curves  are  consecutive^  hence  each 
cf  the  equations  has  a  pair  of  equal  roots,  that  is,  the  envelope 
is  the  locus  of  points  at  which  the  12-equation  has  a  pair  of 
equal  (consecutive)  roots  in  12,  and  the  ^-equation  has  a  pair 
of  equal  (consecutive)  roots  in  p. 

But  regarding  the  equations  as  binary  qualities  In  12/1 
and  pjl  respectively,  the  discriminant  of  the  12-equatIou  is 
the  locus  of  points  at  which  two  values  of  12  are  equal,  and 
the  discriminant  of  the  ^^-equation  is  the  locus  of  points  at 
which  two  values  of  p  are  equal ;  therefore  we  get,  as  a 
general  result  which  will  be  modified  later,  a  common  factor 
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of  the  Q.-  and  p-discriminants  is  a  singular  solution  of  the 
p-equntion  and  gives  the  envelope  of  the  family  of  curves  repre^ 
sented  by  it. 


Duality  of  the  12-  and  p~equations. 


§  2.  The  study  of  tlie  Theory  of  Singular  Solutions  may 
be  approached  in  two  ways  ;  we  may  start  with  the  general 
^-equation  and  (by  eliminating  il  between  this  and  its 
differential  with  respect  to  x)  find  the  corresponding^:>-equation ; 
or  starting  with  the  ^-equation  we  may  find  the  complete 
primitive,  though  there  is  not  a  general  process  by  which  this 
can  be  done. 

It  has  been  pointed  out  by  Darboux,  Cayley  and  others, 
that  these  two  methods  lead  to  results  wdiich  appear  at  first 
sight  paradoxical.  It  will  be  found  that  if  we  begin  wdth  tli© 
12-equation  and  form  the  12-discriminant,  this  is  in  general  a 
singular  solution,  but  that  if  w’e  begin  with  the  ^-equation 
and  form  the  ^^-discriminant,  a  certain  easily  found  analytical 
condition  has  to  be  satisfied  in  order  that  any  factor  of  this 
may  be  a  singular  solution  ;  that  is,  the  family  of  curves  given 
by  the  general  i2-equation  has  an  envelope,  that  given  by  the 
general  ^^^equation  has  not. 

This  difficulty  was  apparently  first  noticed  by  Darboux  in 
a  note  in  the  Comptes  Rendiis^  1870  (quoted  by  Mr.  Workman, 
iNo.  20,  p.  176),  where,  dealing  wfith  the  equation 

Af  Bp (7=0, 

in  W’hich  G  are  rational  integral  algebraic  expressions 

in  a:,  ?/,  he  says :  “  It  Is  usually  supposed  that  In  general  the 
curves  represented  by  this  differential  equation  have  an  enve¬ 
lope,  and  that  this  envelope  is  given  by  the  equation 

i^  =  ^*-4^{7=0. 


Precisely  the  contrary  happens.  In  general  the  curves 
have  no  envelope,  and  the  curve  =  0  is  the  cusp-locus.” 

He  goes  on  to  show  that  the  necessary  condition  to  be 
satisfied  in  order  that  i^  =  0  may  be  the  envelope  is 


2M 


a/? 

cx  cy 


simultaneously  with  Z?  =  0  “  which  cannot  generally  happen.” 

Catalan  criticises  tliis  statement  but  gives  no  satisfactory 
explanation,  and  Professor  Cayley  deals  wdth  the  question 
(No.  12),  show’ing  that  the  primitive  of  the  general ^requafion 
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is  usually  a  transcendental  family  of  curves  wliicli  lias  in 
general  no  envelope  (Forsyth,  Treatise  on  Differential  Equa¬ 
tions^  p.  36),  but  Hamburger  points  out  that  this  does  not 
remove  the  difficulty  and  does  not  deal  with  the  case  in  which 
a  family  of  algebraic  curves  has  no  envelope,  a  case  of  which 
Serret’s  equation,  (.r  +  2/ -f  12)^  =  (a*  -  is  an  example. 
(Ex.  5,  §  5,  fig.  HI.,  B.). 

The  true  explanation  lies  in  the  dual  relation  between  the 
two  equations.  The  12- and  ^>equations  represent  in  different 
ways  the  same  family  of  curves,  the  first  giving  the  aggregate 
of  curves  forming  the  family,  and  the  second  the  aggregate  of 
elements  of  arc  (cp.  Clebsch,  Vorlesungen  ilher  Geometrie^ 
Bd.  I.,  Pt.  7,  Liudemann)  of  which  the  curves  are  made  up. 
The  case  then  is,  as  Hamburger  remarks,  similar  to  that  of  a 
curve  given  by  its  point  and  line  equations.  Just  as  the 
presence  of  a  dp  on  the  curve  is  the  exceptional  case  when 
the  point  equation  is  considered,  and  the  ordinary  case  when 
the  line  equation  is  taken,  so  the  non-existence  of  an  envelope 
is  the  exceptional  case  when  the  family  of  curves  is  given  by 
its  H-equation,  and  the  ordinary  case  when  the  ^j-equation  is 
dealt  with. 

This  is  obvious  from  geometrical  considerations.  The 
curves  determined  by  consecutive  values  of  Q,  in  the  general 
O-equation  are  consecutive  curves  of  the  family,  and  in  general 
intersect  in  real  points;  the  locus  of  these  points  is  the  enve¬ 
lope,  therefore  an  envelope  in  general  exists.  The  curve 
determined  by  giving  p  a  particular  value  in  the  general  p- 
equation  is  the  locus  of  points  of  contact  of  tangents  drawn  to 
the  family  in  a  fixed  direction.  The  curve  given  by  the 
consecutive  value  of  p  in  general  intersects  this  in  real  points, 
but  the  locus  of  these  points  is  not  necessarily  the  envelope, 
for  in  order  that  it  should  be  the  envelope,  the  dii’ection  of 
the  locus  would  have  to  be  at  every  point  the  same  as  the 
direction  determined  by  the  equal  values  of  p  at  the  point — a 
condition  which  is  not  in  general  satisfied. 


Covariants  and  Invariants  other  than  the  Discriminants. 

§  3.  Starting  with  the  general  ^-equation,  Fuchs,  Wallen¬ 
berg,  Hamburger  and  others  of  the  later  writers  on  the  subject 
have,  by  means  of  the  Theory  of  Functions,  made  great 
advances  in  the  general  Theory  of  Singular  Solutions,  more 
especially  from  the  analytical  side;  their  investigations 
depending  in  general  on  expanding  functions  derived  from 
the  ^-equation  in  convergent  series.  This  method  has  led  to 
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the  discovery  of  many  new  theorems  and  has  enabled  many 
already  known  properties  to  be  generalised.  The  difficulty 
in  applying  this  method  to  the  simple  special  cases  considered 
below  is  that  there  is  no  general  process  by  which  the  integral 
equation  can  be  derived  from  the  ^-equation,  and  the  geome¬ 
trical  properties  of  the  curves  represented  by  it  investigated. 
To  avoid  this  difficulty  we  adopt  the  second  method  and  start 
with  the  integral  equation. 

In  what  follows  we  deal  exclusively  with  quadratic,  cubic 
and  quartic  families  of  algebraic  curves.  The  quadratic  family 
has  already  been  very  fully  investigated  by  Professor  Casorati 
and  others ;  but  no  complete  discussion  of  the  cubic  and 
quartic  families  appears  to  have  been  made,  though  many 
isolated  examples  of  both  these  families  are  to  be  found  in 
different  papers  on  the  subject,  and  the  general  equation  of 
the  degree  has  received  much  attention. 

Starting  with  the  general  integral  equation,  which  has 
functions  of  or,  y  as  coefficients  of  the  arbitrary  parameter,  the 
^-equation  can  always  be  found  by  eliminating  12  between 
the  12-equation  and  its  differential  with  respect  to  x.  The 
functions  equated  to  zero  in  the  12-  and  ^^-equatlons  are  binary 
quantics  in  12/1  and  p/1  respectively,  and  the  geometrical 
importance  of  the  discriminants  of  these  quantics  has  already 
been  pointed  out.  It  Is  evident  that  other  invariants  and 
covariants  of  these  quantics  must  represent  curves  and  families 
of  curves  related  in  some  special  way  to  the  original  family. 
The  investigation  of  certain  of  these  invariants  and  covariants 
and  their  geometrical  properties  is  the  principal  object  of  the 
present  paper. 

Since  the  quantics  are  in  different  variables,  the  invariants 
and  covariants  formed  from  the  two  quantics  considered  as 
forming  a  system  have  no  special  significance,  hence  in  the 
quadratic  family  the  discriminants  are  the  only  functions  to 
be  considered. 

In  the  cubic  family  however  the  Hessian  and  Cublco- 
variant  of  the  I2-quantic  at  once  present  themselves  as  functions 
representing  families — quadratic  and  cubic  respectively — 
whose  geometrical  relations  to  the  original  family  are  of 
considerable  interest. 

In  the  quartic  family  the  Hessian  of  the  12-quantic  is  a 
family,  and  the  quadrinvariant  and  cubinvariant  are  loci  which 
are  geometrically  interesting. 

The  remainder  of  the  introduction  explains  the  notation 
used ;  the  way  in  which  the  loci  of  singularities  occur  In  the 
functions  connected  with  these  families ;  the  nature  of  the 
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singularities  which  can  appear  in  every  curve  of  the  family, 
that  is,  which  can  have  a  locus;  and  the  combinations  of  loci 
which  are  possible.  The  quadratic,  cubic  and  quartic  families 
are  then  discussed  under  separate  headings. 

Notation. 

§  4.  For  our  present  purpose  then  it  Is  convenient  to  use 
a  notation  differing  very  slightly  from  that  used  by  Casorati, 
and  showing  clearly  the  intimate  connection  between  the 
Theory  of  Singular  Solutions  and  the  Theory  of  Invariants. 
Let  the  general  equation  be 

i7=  afl"  +  nba"-^  +  +. .  .=  0, 

1.2  ’ 

where  n  has  the  values  2,  3,  4,  ...,  and  where  ...  are 

rational  integral  algebraic  functions  of  ?/,  linear,  quadratic, 
cubic,  etc.,  as  the  case  may  be. 

Let  the  general  derived  ^-equation  (I’.e.,  the  eliminant  of 

Z7=  0  and  =  0)  be 

F'=  Ap’'  +  nBp"-'  +  -  ^  +...=  0. 

1 

It  may  happen  that  A,  ...,  have  a  common  factor  6, 
and  when  this  is  removed  we  get  the  ^-equation  in  its 
“  proper  ”  form 

XT’  «  I  O  ”~1  I  ^  ^  ^  "“ii  I  A 

F=aj?  ■]rnpp  + — — — 7/?  +...=  0, 

1 

where  A  =  ^a,  B=  6[5,  C—6y.  ...  . 

We  shall  denote  the  discriminant  and  Hessian  of  U  hy 
A,J^;  and  the  corresponding  functions  of  V  by  E^.  The 
discriminant  of  V  may  be  denoted  by  A'^.  Since  A  is  of 
degree  2  (?2  —  1)  in  the  coefficients  A^B  ...  (being  the  eliminant 
of  two  equations  of  degree  n  —  1),  we  have  at  once  A'^= 

W^e  shall  frequently  use  as  an  abreviation  the  curve 
a,  A,  etc.”  for  “the  curve  represented  by  a  =  0,  A  =0,  etc.”; 
we  shall  also  speak  of  an  equation  as  being  a  factor  of  a 
quantic,  meaning  that  the  part  equated  to  zero  is  a  factor  of 
the  quantic.  Throughout  the  examples  numerical  factors  are 
disregarded. 
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The  Fundamental  Felation. 


The  relation  between  A  and  for  the  general  ^?-eqnatIon 
was  first  given  by  Casorati  in  a  paper  entitled  Una  Formola 
Fondamentale  concernente  i  Discriininanti  delle  Equazioni  Dif^ 
ferenziali  e  delle  loro  Primitive  Complete,  (No.  14).  It  is  of 
the  simple  form 

Md = A 

P  ^  5 

and  Is  of  the  greatest  Importance  In  the  theory. 

For  the  quadratic  family,  (w  =  2), 


k  = 


a  ^  h  ,  c 


but  for  all  other  cases  k  is  a  complicated  expression,  different 
forms  for  which  have  been  found  by  Casorati,  Brioschi,  Torelli 
and  Mr.  Workman,  who  calls  Id  the  “  tac-discriminant.” 


Singularities, 

§  5,  It  has  already  been  shown  that  the  common  factor  of 
A  and  A^  in  the  general  case  (In  which,  since  the  curves  are 
given  by  a  general  point  equation,  there  are  no  singularities) 
represents  the  envelope  of  the  family  of  curves;  it  is  also- 
evident  that  in  the  general  case  ^  =  1,  and  therefore 
Hence  the  remaining  factor  of  A^  is Now  A^=0  Is  the 
equation  of  the  locus  of  points  at  which  two  values  of  p  are 
equal,  and  A  =  0  is,  in  this  general  case,  the  locus  of  points  at 
which  the  two  equal  values  o^p  belong  to  two  consecutive  curves 
of  the  family  ;  hence  ^  =  0  is  the  locus  of  points  at  which  y>’s 
belonging  to  non-consecutive  curves  of  the  family  are  equal, 
f.e..  Is  the  tac-locus  of  the  family  of  curves.  Expressing  this 
in  the  usual  notation,  Ave  have,  for  the  general  f2-equation, 

A  =  F;,  k^T,  ^'=A=FT%  0=1. 

It  may  moreover  happen  that  at  every  point  on  some  locus 
Tj  =  0,  say,  two  non-consecutive  curves  of  the  family  have 
r^-point  contact  in  pairs  so  that  1\  =  0  is  a  locus  of  r-point 
contacts.  Then  counts  once  as  a  tac-locus  for  each  suc¬ 
cessive  pair  of  contacts,  and  the  occurrences  of  as  a  factor 
in  A  will  be  found  to  be  y  ^  ^  p  contain 

a  factor  and  hence  we  have  the  more  general  expression 

for  the  tac-locus  T=  .... 

Ex.  1.  27=  (a;2  — Q2_|- 2  5)  Q  _  a;2  _^3  —  0.  Fig,  1. 

Here  A  =  +\  =  E, 

k  =xf-=TT,‘^, 

A;,  =  x-p  {x^  —  2y^  +  1)  =  T'^T^E, 

e  =1, 

2/  =  0  is  a  tac-locus  on  wliich  the  curves  have  3-point  contact. 
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Node-’ Locus, 


Now  consider  what  happens  when  every  curve  of  the  family 
has  a  node.  Through  any  point  on  the  node-locus  a  special 
curve,  12  =  0),  of  the  family  passes  twice,  therefore  if  we  sub¬ 
stitute  the  coordinates  of  the  point  for  a’,  y  in  the  equation  of 
the  family,  we  get  an  expression  which  has  as  a  factor  {il  —  wf. 


Again,  at  this  point  the  expression  i — h  will  have  12  —  a? 

asatactor.  Hence  the  X2-eliminant  ot  Z7=0and';;; — h??-— =  0 

ojc  ^  oy 

will  have  a  squared  factor  Independent  of  p  at  every  point  of 
the  node-locus.  But  the  X2-elIminant  of  Z7=0  and 


dV 


is  the  ^-equation,  hence  it  follows  that  the  equation  of  the 
node-locus  is  a  squared  factor  independent  of  w  In  the  n-equation. 
that  is,  d  =  N\ 

To  see  how  the  node-locus  makes  its  appearance  in  the 
functions  A,  A^,  let  us  consider  a  family  of  cubic  curves, 
each  curve  of  which  is  bipartite  and  nearly  approachiug  its 
unipartite  form.  In  this  penultimate  form  the  two  parts 
approach  each  other  and  touch  two  nearly  coincident  branches 
A/,,  of  the  envelope.  When  the  nodal  form  is  reached, 
these  branches,  and  E^^  actually  coincide  and  form  the 
node-locus,  as  is  shown  in  the  diagrams  fig.  2,  A  and  B. 

Expressing  this  symbolically,  in  the  penultimate  form  A 
is  EE^E^,^  when  the  node  is  formed  A  becomes  EN"^  (where  E 
is  the  remainder  of  the  envelope). 

Again,  to  investigate  the  change  in  A^,  we  have  seen  that 
when  a  node-locus  occurs,  the  factor  divides  out  In  the 

j)-equatIon,  and.  the  original  becomes 
(cp.  §4),  that  is,  the  function  which  in  the  penultimate  form 
was 

N^  =  EEffJ\ 


becomes  when  the  node-locus  is  formed 

But  as  we  have  shown  above  A^^  must  be  the  locus  of  (i) 
equal  p\  belonging  to  consecutive  curves,  (II)  equal  ^^’s 
belonging  to  non-consecutive  curves;  therefore  =  ET'\ 
where  T'  is  the  new  tac-locus,  hence 


Lt .  EEff^  T  =  EN^  T  = 
i.e,  T  = 

U.  T  = 
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\yliich  shows  that  2n  -  3  branches  of  the  tac-locus  coincide 
with  the  node-locus  and  cease  to  be  tac-loci. 

Note. — As  an  instance  of  this  take  the  quadratic  family,  n  —  1.  In  this  case 
T—  T'N  and  one  branch  of  the  tac-locus  coincides  with  the  node-locus.  The 
nearly  coincident  branches  j?,,  of  the  envelope  bound  a  region  in  which  no 
real  curves  lie  (§  18),  in  this  region  there  are  two  imaginary  curves  through  every 
point  and  there  is  in  general  a  real  branch  of  the  tac-locus  giving  the  locus  of 
points  at  which  these  imaginary  curves  touch.  When  and  A’a  coincide  and 
become  N,  coincides  with  them. 

With  regard  to  h  it  was  shown  above  that  h  =  T,  and 
therefore  we  have  at  once  that  in  this  case  h  =  ;  or 

the  same  thing  follows  at  once  from  the  fundamental  relation. 
The  proof  for  the  case  of  the  acnode  is  exactly  similar. 

The  results  then  are,  writing  T  for  T\ 

A  =  EN\  k  =  TN'^^-%  =  ET\  e  =  N\ 

Ex.  2.  V  =  -I-  2  -f  y)  Q  -f  2x-y  —  -f  -1-  a  =  0.  Fig.  2,  A. 

A  ■=ix^  +  x^  —  a  =  EEi  E2, 
k  =  {2x‘^  -f- 1)  £C  =r  T,  T2, 

Ap  =  {x*  +  a;2  -  a)  (2x2  +  1)2  a:*  =  EEiE2  T^^T2^, 

e  =1. 

Here  T2  (x  =  0)  is  the  tac-locus  of  an  imaginary  set  of  curves  lying  between 
E^,  Eo,  which,  when  a  is  small,  are  two  nearly  coincident,  real  branches  of  the 
envelope. 

Ex.  3.  U  =  122  + 2  (x2-j-y)  Q -f  2x2y  —  x2-}-y2i=  0.  Fig.  2,'_B. 

A  =(x2  +  l)x2  =  A:iV2  =  o, 
k  =(2x2  +  l)x=riW, 

A^=(x2+1)  (2x2  +  l)2=£ri2, 
e  =x2=iV2. 

This  example  is  formed  from  the  preceding  by  putting  a  =  0.  E2  and  T2 

coincide  in  x  =  0  and  form  the  node-locus. 

Cusp-Locus, 

The  cusp-locus  may  be  regarded  as  formed  by  the  evanes¬ 
cence  of  a  series  of  loops  on  consecutive  curves  ;  see  fig.  3,  A,  B. 

In  the  penultimate  form  there  is  a  node-locus,  W,,  and  an 
envelope,  nearly  coincident  with  it ;  when  the  cusp  is 
formed  these  coincide,  forming  the  cusp-locus  (7, 

i,e,  ^^Lt,EE^N^^=^EG\ 

We  now  want  to  find  the  occurrence  of  C  in  6.  It  must 
be  the  same  for  any  value  of  n,  so  we  may  take  ?2  =  2  j  in  this 
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quadratic  family  there  must  be  one  branch  of  the  tac-locus, 
T,,  say,  between  and  which  ultimately  coincides  with 

and  to  form  (7,  and  there  cannot  be  more  than  one, 
therefore 

a; = xV/ .  Lt .  Er  .e^t;=c^  (Er  c^)  =  Er  c\ 

But  =  A^^',  and  by  Professor  Cayley’s  well-known 
result  for  this  special  case,  A  =  ET^  C. 

Hence  ET''C6'^  =  EEC\  i.e.,  6  =  G^,  and  this  holds  for  any 
value  of  n. 

From  6,  A,  and  A  and  the  fundamental  relation,  we  at 
once  get 

Collecting  all  the  results,  we  have 
A  =  EN'^  G\  k  =  G^^f  A^  =  EGT\  6  =  iV  G\ 

Note. — A  simple  analytical  proof  of  the  occurrence  of  the  cusp-locus  cubed  in  0 
for  the  quadratic  family  follows  at  once  from  §  10. 

Ex.  4.  'U  =  Q*-f- 2yQ +  ?/-  — (x-f- a)  =  0.  Fig.  3,  A* 

A  =  (x -f- u)  =  AjiVi*, 

Jc  =  (3x  +  2a)  x= 

Ap  =  (x  -h  a)  (3x  +  2a)2  = 

0  =x2  =  A^i2. 

When  a  is  small  x  -f-  a  =  0  is  a  branch  of  the  envelope  nearly  coincident 
with  aVj  (x  =  0)  and  (ox  -f-  2a  =  0).  Putting  a  =  0,  we  get  the  following  example^ 

Ex.  5.  17  =Q2  4-2yQ+y2_a;3  =  0.  Fig.  3,  B, 

A  =x3=C'», 
h  =x2  =  (72, 

Ap  =  X  —  C, 

0  C^. 

Comparing  this  with  the  above,  we  see  that  Ej,  and  T,  have  coincided  in  Cl- 

•  Limit  to  the  possible  singularities, 

§  6.  Ill  any  family  of  curves  the  order  of  the  multiple 
points  which  occur  in  every  curve  of  the  family  and  have  a 
locus  is  limited  by  the  degree  of  the  family.  Take  for  instance 
the  quadratic  family 

aQi*  +  25f2  4-  c  =  0, 
which  is  also  represented  by 

ap^  +  -f  7  =  0. 

Let  a,  5,  c  be  ?7i-ics.  Then  on  any  particular  curve  of  the 
family  there  may  happen  to  be  a  multiple  point  of  order 
r,  (r  <  7??,  or  =  m,  if  the  curve  is  degenerate),  but  there  cannot 
be  a  locus  of  such  points  if  r>2.  For  suppose  a  particular 
YUL.  XXVIII*  TT 
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curve  lias  a  multiple  point  of  order  ?’>  2  at  any  point  of  the 
plane.  Then  at  the  point  there  are  r  branches  and  r  values 
of  therefore  the  ^-equation  becomes  illusory,  f.e.,  the  curves 
a  =  0,  ^  =  0,  7  =  0  all  pass  through  the  point.  Now  the  curves 
cit  =  0,  y8  =  0,  7  =  0  can  have  only  a  finite  number  of  points  In 
common,  therefore  there  cannot  be  a  locus  of  multiple  points 
of  order  higher  than  two  in  the  quadratic  family.  (Here  a 
locus  of  proper  multiple  points  has  been  considered ;  the  case 
of  a  curve  occurring  as  a  repeated  branch  of  any  particular 
curve  or  curves  of  the  family  is  different,  and  must  be  discussed 
in  connection  with  particular  integrals).  Similarly,  in  the 
cubic  family  there  cannot  be  a  locus  of  multiple  points  of 
order  higher  than  three. 

It  will  then  be  seen  that  the  highest  singularity  that  can 
occur  in  all  the  curves  of  a  quadratic  family  is  of  the  form 

{y  -  *0’  = 

and  the  equation  to  the  family  can  be  written 

+  c) 

7],  X-,  o!  1  •••  being  functions  of  y\  x  being  the  locus  of 
the  singularity.  The  penultimate  form  of  the  singularity  for 
fx  even  is  a  series  of  nodes  on  a  curve  of  finite  curvature  ; 
and  for  jx  odd  is  a  loop  followed  by  a  series  of  1)  nodes 

on  a  curve  of  finite  curvature;  see  in  fig.  5,  A. 

Again  (leaving  out  of  consideration  particular  integrals) 
it  follows  from  what  has  just  been  said,  that  in  the  quadratic 
family  no  two  loci  can  coincide.  For  all  the  loci  discussed — 
namely,  the  envelope,  tac-locus,  and  the  loci  of  nodes,  cusps, 
and  higher  singularities — depend  for  their  existence  on  the 
fact  that  two  directions  are  determined  on  them  by  the 
y)-equation,  and  since  the  ^-equation  is  of  the  second  degree, 
it  is  impossible  that  more  than  two  directions  should  be  deter¬ 
mined  at  every  point  of  a  locus. 

On  the  cubic  family,  however,  certain  coincidences  of  the 
loci  are  possible,  e.g.^  we  can  have  a  node-locus  coinciding 
with  part  or  all  of  the  envelope,  f.e.,  at  the  node  one  branch 
touches  the  envelope,  the  other  cuts  it  (fig.  15,  A),  and  it  is 
easily  seen  that  any  combination  of  the  loci  which  requires 
the  determination  of  three  directions  at  a  point  can  occur  in 
a  cubic  family.  Similarly  we  see  that  in  an  72-ic  family  we 
can  have  a  locus  of  ??-ple  points  or  a  combination  of  loci 
involving  n  directions  at  every  point. 
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Fixed  Points. 

§  7.  When  we  substitute  the  coordinates  of  any  point  rj 
in  a,  c,  we  get  an  equation  of  the  71^*"  degree  in  12,  whose 
n  roots  X2j,  12^,  ...  (which  are  not  necessarily  all  different) 
determine  7i  curves  of  the  family  through  the  points  If,  how¬ 
ever,  a^h^c  ...  all  vanish  for  the  values  f,  ?/  of  the  coordinates, 
i.e.,  if  the  curves  ...  all  pass  through  the  point,  then 

every  curve  of  the  family  passes  through  the  point,  f.e.,  through 
any  point  of  the  plane  either  n  curves  or  an  infinite  number  of 
curves  pass. 

Since  the  number  of  common  intersections  of  a,  5,  c,  ...  is 
finite,  the  number  of  points  through  which  an  infinite  number 
of  curves  pass  is  finite.  Such  points  are  called  “  fixed  ”  or 
“  stationary  ”  points  of  the  family ;  and  it  is  easy  to  show 
that,  at  these  points,  there  are  multiple  points  on  the  envelope. 
For  the  12-discrimlnant  is  the  eliminant  of  two  equations  of 
degree  w  —  1,  therefore  is  homogeneous  and  of  degree  2  —  1) 

in  a,  0,  ....  Take  the  fixed  point  as  origin  ;  then  the 
terms  of  lowest  degree  in  a,  c,  ...  are  linear  in  a?,  ?/,  and 
the  terms  of  lowest  degree  in  A  must  be  of  degree  2w  -  2  in 
£c,  y.  That  is,  the  fixed  point  is  a  multiple  point  of  order 
2  (w  —  1)  on  the  envelope. 

The  linear  expressions  in  a?,  y  which  are  the  terms  of  lowest 
degree  in  £/'=al2”-t-  ...  =0,  give  the  tangents  to  the 

different  curves  at  the  origin ;  and  since  these  expressions 
usually  involve  12  to  the  degree,  the  curves  have  usually 
contact  in  sets  of  n  at  the  fixed  point,  hence  the  fixed  point 
lies  on  the  tac-locus  and  is  in  general  a  multiple  point  on  it. 

Number  of  contacts  of  curve  and  envelope. 

§  8.  It  will  be  found  convenient  throughout  the  discussion 
to  consider  a,  c,  ...  as  of  the  same  degree  say,  in  ar,  y. 
It  simplifies  arguments  which  depend  on  the  degree  of  the 
equations,  and  k  is  always  legitimate  to  consider  the  line 
infinity  as  forming  part  of  any  of  the  curves  that  are  of  lower 
degree  than  m.  If  we  adopt  this  convention  we  can  find  at 
once  the  number  of  points  in  which  each  curve  of  the  family 
touches  its  envelope. 

Let  the  curves  a,  b,  c,  ...  be  of  degree  7w.  The  12-discrimi- 
uant  is  the  eliminant  of  the  equations 

X=  +  («-!)  +  (»  -  1)(«  - 

L  •  ^ 


(n—  1)  (?i  —  2) 


-3 


1.2 
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therefore,  taking  the  same  value  of  12  in  these  two  equations, 
the  curves  represented  by  them  intersect  in  points  on  the 
discriminant.  The  curve  Z7,  =0  passes  through 

these  intersections  and  has  two  points  in  common  with  the 
discriminant  at  each,  that  is,  U=0  in  general  touches  the 
discriminant  in  points^  e.g.^  in  a  family  of  conics  each  conic 
in  general  touches  its  envelope  in  four  points  real  or  imaginary. 

If  the  curves  X,  Y^have  any  fixed  points  in  common,  these 
are  fixed  points  on  the  family  and  multiple  points  on  the 
discriminant,  as  was  seen  above,  and  all  the  curves  Z7=0  pass 
through  them.  This  reduces  the  number  of  contacts,  as  does 
also  the  presence  of  singularities  and  particular  integrals. 

Particular  Integrals. 

A  discussion  of  the  occurrence  of  P.T.’s  as  factors  of 
A,  A^,  h  in  the  general  case  would  be  very  laborious.  It 
is  here  attempted  only  for  the  quadratic  family,  and  will  bo 
found  under  that  heading. 


11.  The  Quadratic  Family. 
Notation. 


§  9.  The  principal  functions  met  with  in  the  quadratic 
family  are  as  follows : — 

(1)  The  general  12-equation,  TJ  =  al2’  +  2^12  +  c  =  0,  where 
a,  hy  c  are  algebraic  functions  of  x,  y. 


(2)  The  12-discriminant,  ^  =  ac  —  l>\ 

(3)  The  unreduced  ©-equation,  F'  =  0,  where  V  is  the 

^  ^  ^  d  TJ 

eliminant  of  12  between  Z7=  0  and  =  0,  that  is, 


da 


Writing  %  +  poiy  for  ^  ,  &c.,  we  have 


r  =  [ca^  -ac^-\p  {ca^  - 

-i{ab^-ha^-^p  (a\  -  ha^  +pihc,-  ch^] . 

To  simplify  this  expression  we  make  use  of  the  function  k 
already  mentioned  (§  4). 
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(4)  The  function  h  (which,  it  will  be  seen,  is  the  Jacobian 
of  the  curves  a,  3,  c)  is  the  determinant 


h  = 


a  c 
a  .h  .  c 

X 

a  .h  .  c 

W" 


Let  the  minor  of  a  in  this  determinant  be  denoted  by  a,  &o. 
Then  we  may  write 

r  =  -  pbj  -  i  (c^  -pc^)  (a,  -pa^. 

Comparing  this  with  the  standard  form,  f.e.,  with  j' 

V  =  Ap*  +  2Bp  4-  (7  =  0, 

we  get 

A=.  b"*  —  ia  c  ^ 

X  XX' 

B  =  -~hJ,^  +  iap^  +  2ca^, 

C—  If  —  4:0  C  . 

y  V  y 

Note. — It  is  by  means  of  these  formulas  that  the  differential  equation  is  most 
readily  found  from  the  integral  equation  in  any  special  case. 

(5)  The  unreduced  ^^discriminant,  =  AC—  B\  is  found 
from  the  above  relations  to  be 


(V  “  Vi/)  ~  (~ 

=  ^  («A  ~ (K'^v  -  ^  (v,  -  ca)’- 

But  by  a  known  property  of  determinants 

; 

therefore  A'^  =  4B  (ac  - 

i.e,  A'^  =  4ld^  . (I). 

(6)  It  may  happen  that  -4,  .5,  C  have  a  common  factor,  6^ 
so  that  A  =  B=dfS-)  G=6y.  The  ^-equation  found  by 
dividing  V'  by  this  factor  is  called  the  “  reduced  ^^-equation,’* 
and  is  denoted  by  F,  that  is, 

V  =  a/?’  +  2f3p  +  7=0. 

(7)  The  reduced  ^-discriminant  is  A^,  where 

\  =  o.y- 


i.e. 
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(8)  Substituting  in  (I),  we  get  Casorati’s  fundamental 

formula  for  the  case  n  =  li  (§  4),  viz. 

/Lid  = 

numerical  factors  being  disregarded. 

Note. — The  notation  just  explained  is  founded  on  that  used  by  Professor 
Casorati  (No.  8),  but  dijSers  from  it  as  follows  ; — 

X,  y  are  written  for  Casorati’s  u,  v ; 

^  tS  jy  yy 

^  P  >>  »  »>  » 

»  »  »  » 


Casorati's  Results, 


§  10.  Some  of  the  results  derived  by  Professor  Casorati 
from  the  fundamental  formula  may  be  quoted  here  for  con¬ 
venience  of  reference. 

The  p-equation  can  readily  be  expressed  in  terms  of  /^ 
the  relation  being 


e(a/+2/3^4  7)  =  (^j 

and  since 


/dA\^  ^  ^  (da  dc  db^\ 


ca  —  2hb  +  ac  =  2A^ 
ca^  -  2hh^  +  ^ 

ca  —  2hh,,  +  ac„  = 


x) 


we  have 


2/J 


c1i  — 


2A,  h  ,  c 


2bk  = 


a  ,  2A,  c 

^x>  ^x  J  ^x 


,  ah  = 


a  j  5  ^  2/^. 
a  y  h  .  /^ 

x’  X 

a  y  b  .  ^ 

p’  2/’  y 


The  relation  (II)  shows  that  if  6  has  a  factor  in  common 

d\ 

with  Aj  it  also  has  a  factor  in  common  with  .  Hence,  a 

non-repeated  factor  of  A  does  not  divide  6f  and  “  a  repeated 
factor  of  A  is  repeated  at  least  as  often  in  OR 

From  the  last  set  of  formulae  we  see  that  ‘‘  a  /^-fold  factor 
of  A  is  at  least  a  /a  —  1-fold  factor  of  kR 

Professor  Casorati  then  enumerates  the  possible  arrange¬ 
ments  of  factors  of  A,  under  the  types  s,  ...,  where 


-.2M+1 


...  ...  ...  V®  ... 


A  =q  ...  r  ,..  s 
A  =  n  ...  ...  5  ,,,  t 

p  ^ 

and  gives  their  significations  as  follows 


‘ip+i  (y  >1  aw 

^  ...  U  ...  V  ...  w  , 
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differerdial  equations  of  the  first  order, 

(1)  Factors  q  can  only  be  singular  solutions:  they  are  not 
factors  of  d  or  k. 

(2)  Factors  r  always  give  P.l.’s;  they  appear  in  k  but 
not  in  6. 

(3)  Factors  s  never  give  solutions :  they  appear  In  6  and  k, 

(4)  Factors  t  do  not  In  general  give  solutions,  when  they 
do  give  them  they  are  P.l.’s:  they  appear  in  0  and  in  k, 

(5)  Factors  u  never  give  solutions:  they  appear  in  6  and 
in  k. 

(6)  Factors  v  do  not  in  general  give  solutions,  and  those 
which  they  do  give  are  P.L’s :  they  appear  in  k  but  never  in  6, 

(7)  Factors  w  do  not  In  general  give  solutions,  and  when 
they  do  give  them  they  are  P.L’s :  they  appear  in  ^  and  in  k. 

These  theorems  are  quoted  by  Mr.  Workman  (No.  20, 
p.  181).  In  his  Criticism  of  CasoratVs  Results  (p.  182)  Mr. 
Workman  seems  to  have  lost  sight  of  the  fact  that  the  theorems 
relate  merely  to  a  quadratic  family  of  curves.  He  describes 
the  scheme  as  “  inadequate  as  a  classification  of  the  higher 
singularities,”  and  complains  that  “  no  notice  is  taken  of  the 
fact  that  one  curve  may  serve  several  functions.”  Since  in 
the  quadratic  family  (cp.  §  6)  the  higher  singularities  of 
which  there  are  loci  can  only  belong  to  a  very  special  class, 
it  would  be  impossible  to  give  a  general  discussion  of  higher 
singularities  without  considering  the  cubic,  quartic,  ...,  72-ic 
families.  Moreover,  as  was  shown  above  (§  6),  it  is  impossible 
for  two  loci  to  coincide  in  a  quadratic  family  ;  and  we  have 
to  proceed  to  the  cubic  family  to  get  the  case  Mr.  Workman 
mentions — that  of  the  node-locus  and  envelope  coincident. 

The  Function  k. 

§11.  Though  Professor  Casorati  show's  what  factors 
appear  in  6  and  k,  he  does  not  state  or  prove  the  geometrical 
significance  of  these  functions  directly.  In  the  quadratic 
family  we  saw  (§5)  that  6  =  N‘^G^^  and  k  =  NC'^T.  The 
occurrence  of  P.l.’s  in  6  and  k  has  yet  to  be  discussed,  and 
it  will  be  found  that  the  power  to  which  the  factor  is  raised 
in  6  and  ^  is  a  guide  to  the  interpretation  of  its  geometrical 
function. 

It  should  be  noticed  that,  in  the  quadratic  family,  mk  is 
the  Jacobian  of  the  system  of  curves  a,  b,  c.  For  if  we  make 
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a,  h,  and  c  homogeneous,  and  of  the  degree  in  x,  0,  we 
have 

ma^  xa^  At  ya^  + 
mb  =  x\  +  yh^  +  zb^ 
me  =  xc^  +  yc^  +  zc^ ; 

therefore 


mh  = 


—  z 


xa 


■or  d  y%  -f-  +  y^y  +  +  y^rj  + 


a  M)  .  c 

x'  X 

K’  % 


x’ 


I/’ 


c 


X 


where  we  may  put  z  =  l.  We  also  see  that  k  is  of  lower 
degree  than  it  appears  to  be ;  and  the  value  of  its  degree 
given  by  Mr.  Workman  (l.c.  p.  185)  should  be  reduced  by  one. 

The  properties  of  the  Jacobian  are  given  by  Salmon 
(Conic  Sections,  Art.  388  ;  Higher  Plane  Curves,  pp.  150,  160, 
357,  et  seqi).  It  is  tlie  locus  of  points  whose  polar  lines  with 
respect  to  three  curves  a,  h,  c  meet  in  a  point ;  it  is  the  locus 
of  dps  of  curves  of  the  system  +  2b^  +  c  =  0,  and  also 
their  tac-locus  (Clebsch,  loc.  cit.^  Vol.  i.,  p.  382)  ;  also,  if  the 
three  curves  are  of  the  same  degree  and  have  a  common  point, 
this  point  is  a  dp  on  the  Jacobian.  Again,  in  the  quadratic 
family  of  conics,  each  conic  touches  its  envelope,  in  general, 
at  four  different  points.  The  three  pairs  of  lines  joining  these 
points  intersect  on  the  Jacobian.  Now  when  two  of  the 
points  of  contact  come  together,  f.e.,  when  the  conic  has  4-point 
contact  with  A  at  any  point,  this  point  lies  on  the  Jacobian, 
and,  since  k  has  12  intersections  with  A,  there  are  12  such 
points. 


Higher  Singu  larities. 


§  12.  It  was  shown  above  (§  6)  that  the  highest  singularities 
whose  loci  can  occur  in  a  quadratic  family  are  those  which 
have,  as  penultimate  forms, 

(1)  a  series  of  consecutive  nodes  along  a  curve, 

(2)  a  loop  followed  by  a  series  of  nodes ; 
and  the  equation  of  the  family  was  found  to  be 

+  ^)*  =  -f  2^  +  C  )  y 


differential  equations  of  the  first  order. 
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where  a\  h\  c  are  functions  of  .r,  ^ ;  %  is  the  locus 

of  the  singularity,  and  fx  is  even  in  case  (1)  and  odd  in  case 
(2).  We  proceed  to  investigate  the  way  in  which  loci  of 
these  kinds  present  themselves  in  the  functions  A,  k,  &c. 

The  equation  may  be  written 

(r  -  «  X"")  +  2  (fir)  -  h'x^)  c'x^  =  0. 

We  find  at  once 


k= 


^  —  -  ^hfir]  +  cfi")  +  x^^ 

P-a'x^  ,  ,  v--c'xr- 

^yix+n^x-K'x^-fxb’x^-^Xx,  ^V'lx-Cx  x^^-iJ.c'xf^'^Xx 
255z/ -  ’ Xyj  6 »Ji/+  n ly  -  wff  - ’ X>j  2 j; ny -  Cy'xf^ -  r-c’xr--^Xy 


~~  (•••)> 

«*  =  -  h"  (Xn„  -  •>??„)  +  Mx‘^~'Xu  Q>’n  -  c'f) 

+  x"  [v  (>? V~  -  |c  ')  + (o'f  -  b'y)]  +  ■)C'‘  {Vc^  -  o'ij], 

—  &c. ) 

and  ^  =  X'' {•••!, 

C=  %**  {••■)• 

Hence  for  case  (1),  \  nodes,  fi  =  2Xi 

^  =x'M-l- 

For  case  (2),  a  loop  followed  by  X  nodes,  /^  =  2X  +  3  ? 


Ex.  6. 


A  = 

{•••), 

k  = 

{-), 

{•••!, 

0  = 

{•••!• 

—  £C®  — 

x~  =  0. 

Fig.  ‘ 

A  =  a®  (ic  +  1), 

^  =a;®(7a;  +  6), 

A„  =  a;«(a;+l)(7a;  +  6)2 
6  =  x^. 

A^OL.  XXVIII. 


V  iJ 
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Here  a;  =  0  is  an  osc-node  locus,  type  (1 ),  X  =  3, 

a;  +  1  =  0  is  the  envelope, 

7a;  +  6  =  0  is  the  tac-locus. 

Ex.  7.  U  =  Q^  + 2  (a:®4- ?/)  Q  +  (a;^  +  y)*+ (a; +y^)  (a;  +  y2  +  a)2(a;  +  y^  + 5)^  =  0. 

Fig.  5,  A. 

A  ={x  +  y^)  (x  +  y"^  +  a)^  {x  +  y'^  +  bY, 

k  =  {\xy  —  1)  {5  (x  +  y^Y  +  3  (a  +  b)  (x  +  y^  +  ab}  (x  +  y^  +  a)  (x  +  y^  +  b), 
Ap=(x  +  y"^)  [Axy  —  1)^  (5  (a;  +  y-)^  +  3  («  +  5)  (a;  +  y"^)  +  abY, 

6  =  {x  +  y"^ a)  [x  +  y^ b). 

In  this  example,  a;  4-  =  0  is  the  envelope  x  +  y"^  +  a  —  0,  and  x  +  y"^  +  b  —  ^  are 

node-loci,  and  when  a,  b  are  small  we  have  the  penultimate  form  of  singularity  (2) 
for  X  =  1.  The  remaining  factors  are  tac-loci,  viz.  4a;y  —  1  =  0  and 

5  (a:  -f  y^Y  +  3{a-\-b)  {x  +  y"^)  -}-  «6  =  0. 

When  we  put  a  =  0,  i  =  0  we  get  the  following  example. 

Ex.  8.  U  =  4- 2  (y -1- a;^)  Q -p  4- a;^j2  ^  ^2^5  —  0.  Fig.  5,  B, 

A  =(a;4-^/-j^ 
k  =  (4^ry-l)(a;4-y^^ 

Ap=  (4a;y-  1)2(x4-^2)3^ 

6  =  (a;  4-  y'^Y' 

B  ere  a?  4-  =  0  is  the  locus  of  a  singularity  of  type  (2),  X  =  1.  Comparing  with 

the  preceding  examples  we  see  how  its  occurrence.s  in  A,  etc.  are  accounted  for  by 
the  coalescence  of  node  and  tac-loci. 


Particular  Integrals. 

§  13.  From  Casoratl’s  theorems,  we  see  that  in  certain 
special  cases  P.I.’s  are  factors  of  A,  6.  There  are  two 

cases ; 

(1)  the  P.I.  may  be  a  factor  of  but  not  a  factor  of  A 
(Casorati’s  6) ; 

(2)  the  P.I.  may  be  a  factor  of  both  A  and  A_p  (Casorati’s 
2,  4,  and  7). 

Let  us  investigate  these  more  closely. 

I.  Particular  Integrals  as  branches  of  distinct  curves. 

§  14.  When  the  branch  of  the  P.I.  (P,  say)  is  a  factor  of 
A  but  not  a  factor  of  A,  the  two  values  of  jp  determined  by 
the  ^>equation  at  any  point  of  the  branch  P—  0  are  equal,  but 
the  values  of  il  determined  by  the  integral  equation  are 
different  (=^>1,  ®^y)*  Suppose  P=:0  is  a  branch  of  the 

curve  Pcoj.  Then  at  the  consecutive  point  on  P=0  the  twm 
directions  are  again  equal,  and  the  I2’s  are  again  = 
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therefore  part  of  the  curve  has  the  same  direction  at  every 
point  as  P=  0,  that  is  P=  0  is  a  branch  of  the  curve  and 
also  a  branch  of  ;  it  may  moreover  happen  to  be  a  /x-fold 
branch  of  £4^  and  a  v-fold  branch  of 

If  now  we  substitute  for  from  the  equation 

fl  —  O), 


we  get  an  equation  in  on  in  which  P=  0  is  part  of  the  curve 
for  €0  =  CO  and  =  0  ;  and  the  i2-equation  may  be  written 

-f  2&ft)  +  cP''  =  0, 

where  /a,  v  are  positive  integers,  and  a ,  V yC  are  supposed  not 
to  contain  P  as  a  factor. 


Then  A  =  dcP^^^  -  P, 

which  shews  that  P  cannot  be  a  factor  of  A. 
Again 


dP^,  h  ,  cP'' 

a'^P'^  +  yaPP^-^P  .  h.  dP^^vcP^-^P 

a! ^P^  +  lid P^-^P^ ,  c;P^  +  vdP^-^P^ 


__  jp/m+v 

d  G 

+  lldP>^^^-^ 

0  , 5  ,  c' 

a'  ,  3  ,  0 

d  .h 

X*  X 

d  .b  .c 

2/1  y 

•^2/1  ^2/1  ^  y 

“V  Py 

thus  P,  in  general,  occurs  in  h  to  the  power  /^  +  v-  1,  but  in 
exceptional  cases  may  occur  to  a  higher,  say  yct  +  v  +  p  — 1, 
where  p  may  =0,  I,  2,  ...  . 

From  expression  (II)  for  the  differential  equation  (§  10), 
we  find 


6((iff  +  2/%>  +  7)  = 


d 


ax  ax  \dx } 


f-  (dcP^^^  -  b'^) 
ax  ^ 

~4(aVP^"''-  P) 

/dP\* 

^  ip.vd ¥ c  P^''^  ^  (^)  powers  of  P. 

■  ,  dP 

Now  yu,  V,  a\  5,  c  ,  ^  cannot  vanish  or  have  P  as  a  factor, 
therefore  the  index  of  P  in  ^  is  always  yu,  -p  v  —  2.  By  means. 
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of  the  fundamental  formula  and  the  above,  we  now  see  that 
the  index  of  P  as  a  factor  of  A  is  2p  +  2  ;  and  denoting  by 
/i-j,  A  ,  6^  the  indices  of  P  as  a  factor  of  the  corresponding 

expressions  A,  &c.,  we  have 

A,  =  0,  =  /A  +  v  +  p  -  1,  A^^^  =  2p  +  2,  =  /x  -f  V  -  2, 

where  p  may  be  0,  1,  2,  ...  . 

The  geometrical  significance  of  these  factors  is  not^very  obvious.  It  may 
perhaps  he  explained  by  supposing  that  the  fx  branches  P  =0  of  the  cui-ve  to  =  oo 
are  consecutive  and  placed  in  contact  with  the  v  consecutive  branches  P''  =  0  of 
to  =  0,  giving  P  =  0  as  a  tac-locus,  while  in  addition  p  branches  of  the  ordinaxy 
tac-locus,  or  of  some  other  locus  (in  Example  10,  a  P.  I.),  have  lost  their  original 
function  and  coincided  with  P.  This  would  account  for  the  2p  +  2  occurrences 
in  Ap  and  for  p  +  I  of  those  in  k.  The  remaining  /.t  +  j/  —  2  factors  in  k  and  0  may 
be  due  to  the  /t  —  1  contacts  of  the  p.  branches  of  the  first  curve  and  the  v  —  I 
contacts  of  the  v  branches  of  the  second. 

This  view  ia  supported  by  the  result  in  the  special  case  0,  i.e.  in  the  family 

U=a'Pf^Q^  +  2m  +  c  =  0. 

It  will  be  found  that  in  this  case  the  occurrences  of  P  in  the  different  functions 
are 


Ai  =  0,  ki  =  p+p-l,  Ap^  =  0,  0i=^  +  p-l; 

where,  however,  there  is  a  limitation  p 

Comparing  these  with  the  former  results,  w'e  see  that  only  those  factors  that 
were  accounted  for  by  the  contact  of  different  branches  have  disappeared.  Tliis 
upholds  the  theory  that  the  p  branches  P  are  arranged  consecutively  and 
give  P^  ^  to  k  and  6  as  a  factor  due  to  their  contacts. 

^x.  9.  U  =x  {x  —  a)  +  2y^Q,  +  X  +  trj)  = 

A  =  x"^  {x  -  a)  {I  +  sy)  -  y^y 
k  =xy{2x  +  a^y)y 

dip  =  (a:  —  a)  (1  +  sy)  —  y^]  (2x  +  aay)*. 

0  =1. 

We  have  x  — 0  as  a  P.I.  of  the  type  discussed, =  1,  j/  =  l  andp  =  0.  If  we 
put  £  =  0  the  tac-locus  2x  +  asy  =  0  loses  its  original  functions  and  coincides  with 
the  P.I.  X  =  0,  and  we  have  fx  =  1,  v  =  l  and  p  =  1. 

Ex.  10.  U  :=[y  +  t)  (y2  +  a;)  +  2xQ  +  (y  -f  a)  (y^  —  x)  =  0, 

A  =(y-f  £)Y-»M(Z/  +  £)^+ 1}> 
k  + 

Ap= xY  (y  +  iiy  +  0 V  -  {^y  +  + !}]« 

0  =1. 

In  this  example  y  — Oisa  P.I.  for  the  values  of  O  given  by  tQ^  +  2Q  —  t  =  0^ 
and  p  =  l,  y  =  l,  iO  =  l;  y-l-a  =  0  is  a  P.I.  for  12  =  oo  and  for  Q  =  0,  and 

^  =  1,  i/=  1,  p  =  0. 

If  we  put  £  =  0  these  two  P.I.’s  coalesce  in  the  one  P.I.  y  =  0  for  Q  =  !», 
0=0;  and  we  have  m  =  1,  v  —  \  and  p  =  2 ;  showing  that  a  coalescence  of 
i\YO  P.I.’s  gives  rise  to  an  increase  in  p. 
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II.  Particular  Integrals  as  branches  of  consecutive  or  coincident 

curves. 


§  15.  When  the  part  of  the  P.I.,  which  we  will  now  call 
is  a  factor  both  of  A  and  A^,  then  at  any  point  of  ^  =  0 
the  two  values  of  p  are  equal,  and  the  tw^o  values  of  12  are 
equal  (=  cOj,  say).  At  the  consecutive  point  on  ^  =  0  the  tw'O 
values  of  p  are  again  equal,  and  the  tw^o  values  of  12  are 
as  before  ;  that  is,  two  curves  are  given  by  12.  =  each  having 
as  a  branch,  single^or  repeated,  the  curve  §  =  0.  (For  a  dis¬ 
cussion  as  to  whether  the  curves  are  consecutive  or  coincident.^ 
see  note,  §  24). 

By  taking  0)  =  — — ,  and  substituting  for  12  in  Z7=0, 

12  —  ft), 

we  get  an  equation  in  (o.  In  this  equation  the  two  values  of 
ft)  are  inHuite  at  every  point  In  =  0,  hence  the  equation  may 
be  written,  in  its  most  general  form, 


a  +  2b'  Q''co  +  c  =  0, 


where  /a,  v  are  positive  integers,  and  a,  b'^  c  are  supposed 
not  to  contain  §  as  a  factor. 

We  find  that 


A  =  Q^a'c  -  Q^^b'% 


and  Ic  = 


a'§^,  h'  Q%  c 

Q'‘  +  Q’  +  vV  Q"-'  Q^, 

a-' y  Q^  +  /^a  Q"''  ,  h\  Q"  -f  vV  Q"' 


!  7  ' 

a  ,0  ,c 

0  ,  ,  0 

+  vb' 

a\0  ,  c 

d  f  ,c 

a;’  a:’  x 

^  a;’  a;’  a: 

a  f  ,c 

J/’  1/’  V 

y 

Qy’  ^y 

Different  cases  arise  according  as  /x  =  2v. 

(1)  fi>2v,  /Lt  =  2r  +  r,  say,  where  r  is  a  positive  integer. 
In  this  case  A=  Q'facQ'  —  h'^^  ;  and,  since  it  is  assumed  that 
a',  6',  c  have  no  factor  Q,  Q^''  Is  the  highest  power  of  Q  In  A. 
Again,  in  general,  {i.e.  is  the  highest  power  of 

Q  in  k,  but  it  may  happen  that  Q  occurs  to  a  higher  power, 
say.  ^ 

To  determine  the  index  of  ^  in  ^  we  use,  as  above. 
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expression  (II),§10,  and  writing  A  =  Q’''R,  where  R=  Q'a'c- 
we  have 


6  {af  -f  2^2?  +  7)  = 


dx  dx 


-4rJ![{(2v+.)e-'-yf  +  e~  % 

( 


4-  higher  powers  of  Q ; 
dQ 


and  since  by  hypothesis  v,  a\  h\  c  do  not  vanish  or  have 
Q  as  a  factor,  we  find 

e  = 

From  the  fundamental  relation  and  the  above,  we  can  find 
Ap,  and  the  results  for  yu,  =  2r  +  r  are : — 

Aj  =  2v,  =  3v  +  ?*  +  p  —  1,  A  =  2p  4-  2,  6^  =  ^v  +  r  —  2] 

P\ 

where  p  =  0,  1,  2...;  A^  &c.,  denoting  the  indices  of  Q 
as  a  factor  of  A,  A,  &c. 

(2)  fM  ~  2v, 

This  gives  A  =  (ac  -  b'^\ 

Let  ac  “  =  Q^R^  where  Q  is  not  a  factor  of  R, 

Then  A  = 

To  investigate  the  factors  of  k  use  the  expression  for  cA  in 
terms  of  A  10). 


ck 


2Q^^^^R  ,  Q^h  ,  c 

(2v  +  X)  Q\  +  vQ^~^bQ^, 

(2v  +  \)  Q%-^vQ^-^bQ^, 


2R  ^  b  ^  G 

2R  ^  0  ,  c 

^xl  Qx-t  ^x 

Qy't 

4  (2v4X)i^(2^‘"^'"‘^ 


0  ,  5  ,  c 

Qx-I  ^x1  ^x 
Qyl 
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e  {af  +  Wp  +  7)  =  |(2v  +  X)  ^  +  0“'^^ 


-  4 


'2vQ”-W^ 


dc 

djc 


=  4  “Rv^b'^  powers  of 

therefore  the  highest  power  of  ^  in  ^  is  always  and  we 

have  for  the  case  fjb  =  2v : 


Aj  =  2v  “l-Xj  —  3v  -{-\  +  p  —  Ij  —  X-l-2p-l-2j  0^  —  4v-|-\  2j 
where  p  =  0,  1,  2,  ...  ;  \  —  0,  1,  2,  .... 


(3)  p,  <  2vj  fM  =  2v  —  s^  where  s  is  a  positive  integer ; 

A  =  (a'c  —  Q’b'^)  =  Q^''~'R  (say), 

where  R  —  ac  —  Q'b’^,  and  therefore  never  contains  Q  as  a 
factor.  Hence  it  follows  that  Aj  always  ~  2v  —  s. 

A  proof  similar  to  the  above  shows  that,  in  general, 
k^  =  3v  —  s  —  Ij  but  that  may  be  greater,  namely 


—  3v  s  -j-  p  —  1. 

Investigating  the  value  of  0^  as  before,  we  find  that 
0^  =  Av  —  2s  —  2  always  ;  the  fundamental  formula  gives  A^  , 
and  we  have  the  set  of  results : 


Aj  =  2i/  — 5,  k^  =  3v  —  s  +  p—lj  A^=s  +  2p-l-2,  0^  =  4Ly—2s-2, 

The  geometrical  significance  of  the  repetition  of  the  factor  Q  in  A,  A,,,  etc. 
is  not  very  apparent.  For  a  possible  explanation  let  us  go  back  to  the  penultimate 
form  and  consider 


as  the  limit  of  (Q  +  £1)  {Q  +  ^2) . (^  + 

and  Q*'  „  „  (Q  +  ’Ji)  (Q  +  Tja) . (Q  +  i)v), 

where  tj,  e/x,  »},,  tjv  are  different  stTin^^  quantities  which  vanish  in  the  limit. 
Then  we  find  that,  in  general, 

the  envelope  has  Aj  branches  nearly  coincident  with  Q, 

and  the  tac-locus  has  Aq  „  „  „  Q, 

so  that,  in  the  limit,  when  cj,  ...,  en,  tjj,  ...,  tjv  vanish, 


A  has  as  a  factor 

h  „  of'- 
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That  is  : — certain  number  (A,)  of  branches  of  the  envelope  have  coincided  with 
a  P.I.  and  lost  their  original  function ;  and  a  certain  number  (/cj)  of  branches  of 
the  tac-locus  have  at  the  same  time  coincided  with  the  same  P.I.  and  lost  their 
original  function. 

Ex.  11,  U  =y  {y-\- 1)  0,“^ +  2y'^  {y -{■  E  —  t])  Q  +  x—Oj 
^  =y{{.y  +  ^)3c-y^{y  +  i-nf}, 
k  -  y"^  [{y  +  -  tyi], 

= y^  [iy + [(«/  +  0  -  2/^2/  +  c  -  vY]  • 

e  =1. 

Now  2/  =  0  is  a  P.I.  for  which  fx  =  l,  p  =  2,  s  =  3  and  p  =  0.  When  we  put  6  =  0, 
a  branch  of  the  envelope,  that  is,  a  branch  of 

(y  +  £)x-y3(y  +  £-vy  =  0, 

coalesces  with  the  P.I.  y  =  0  giving  a  P.I.  for  which  p.  =  2,  v  —  2,  s  =  2  and 

p  =  l. 

There  are  exceptions  to  this  in  the  case  (2),  X  >  1. 

In  this  case  A  may  have  a  branch  {Q+  /[a,  where /(e,  tj)  vanishes  with 
6i,  ...,  e/jl,  ?Jj,  ...,  riv.  This  may  be  a  singularity  locus,  which,  when  e,,  ...,  Efi, 
?7,  ...,  jji/  vanish,  coincides  with  a  P.I.  and  lo.ses  its  onginal  function.  In  this  case 
every  curve  of  the  family  has  a  stationary  singularity  at  one  or  more  points 
on  Q  =  0. 

Ex,  12.  U  =  (aj  +  6)2  Q2  + 2  (a;+ e)  (ic+ 1)  2/Q  +  {(a:  + 1)2  +  a:3}y2  —  0.  Fig.  6,  A, 
A  =  (a:  +  E^x^y^, 
k  =  (a;  +  £)3a;2y2  (a;  +  3), 

Ap  =  (x  +  Eyxy"^  (x  +  3)2, 

6  =  (x  +  6)2  x^y^. 

In  this  case  x  +  e  =  0  is  a  P.I.  for  which  p.  =  1,  v  =  1,  X  =  0,  p  =  1,  and  .x  =  0  is  a 
cusp-locus. 

When  we  put  6  =  0,  those  two  loci  coalesce  and  we  get  x  =  0  as  a  P.I.  with 
^  =  2,  v=l,  X  =  3  and  p  =  0  Fig.  6,  B. 

The  geometiieal  interpretation  of  the  occurrences  in  Ap  and  6  is  still  less 
obvious.  When  the  values  of  Aj,  k^  have  been  accounted  for,  it  is  possible  to 
have  three  different  pairs  of  values  of  Ap„  0,  (corresponding  to  the  cases 
(1),  (2),  (3))  related  to  these ;  and  it  is  diflS.cult  to  see  what  geometrical  distinctions 
are  involved  by  these  different  sets  of  values. 

Fixed  points  and  Particular  Integrals. 

§  16.  Considering  the  two  equations  just  dealt  with, 

(i)  a'P  W  +  -f  cP^  =  0, 

(ii)  o!  y  2l)'  Q''Oi  -j-  c  =  Oj 

•we  see  that  in  (i)  all  the  curves  of  the  family  pass  through 
all  the  intersections  of  P  and  b :  in  (ii)  all  the  curves  of  the 
family  pass  through  all  the  intersections  of  Q  and  c.  Hence 
the  P.I.’s,  P,  Q  always  pass  through  some  of  the  stationary 
points  or  stationary  singularities,  but  not  necessarily  through 
all.  In  (i)  a\  c  may  have  common  intersections  not  lying 
on  P,  and  in  (ii)  a',  c  may  have  common  intersections  not 
lying  on  and  these  will  be  fixed  points  not  lying  on  the 
particular  integrals. 
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Table  showing  the  geometrical  properties  of  any  factor  whose 
indices  in  and  6  are  known. 

§  17.  Before  discusslnir  the  quadratic  families  of  lines, 
conics,  etc.,  it  will  be  useful  to  note  the  following  classification. 
We  have  investigated  all  the  different  loci  which  can  occur 
in  a  quadratic  familv  and  found  their  indices  as  factors  of  the 

our  inunctions  A,  A*,  A  ,  and  6.  The  results  can  be  arranged 
as  follows : —  ^ 


Geometrical  Signincation. 

A, 

A,, 

Casorati’s.  I 

Ordinary  Envelope,  Singular 
Solution. 

1 

0 

1 

0 

1 

Tac-locus  of  ?’-point  contacts. 

0 

r  —  1 

2(r-l) 

0 

6 

Locus  of  singularity  whose 

I)enultimate  form  is  X 
adjacent  nodes  on  a  curve 

of  finite  curvature. 

2X 

2X-1 

2X-2 

2X 

7 

Special  case,  node-locus. 

2 

1 

0 

2 

5 

Locus  of  singularity  whose 

penultimate  form  is  a  loop 

followed  by  X  adjacent  nodes 

2X-f3 

2X  +  2 

2X-f  1 

2X4-3 

4 

Special  case,  cusp-locus. 

3 

2 

1 

3 

3 

P.I.’s  belonging  to  distinct 

curves 

I 

a'PMQ2+25Q  +  c'P''=0. 

0 

/U-4-  v-fp  —  1 

2p  2 

V  —  2 

6 

P.I.’s  as  parts  of  coincident 

or  consecutive  curves 
a'a^Q-^  +  2h'Q'Q  +  c  =  0, 

ix—2v  +  r, 

2v 

^v+r+p  —  \ 

2/0  4-2 

4i/  4-  r  —  2 

7 

M=  2y, 

2v  -f-  X 

Si/  —  1 

2p  +  2+X 

4j^4-X-2 

4  or  7 

2v  —  s 

Slf  —  5  +  p  —  1 

2p  4-2  4-5 

4i;  —  2s'  —  2 

2,  4  or  7 

P.I.  as  part  of  one  curve  only, 

1  a'P^Q2  +  26Q  +  c^0. 

0 

M  +  /0  -  1 

0 

M  +  P-  1 

Throughout  /a,  v,  r,  5  are  integers  >  0, 

X,  p  are  integers  ^  0. 

No  combinations  of  the  different  loci  can  occur  and  the 
arrangements  are  mutually  exclusive,  except  in  a  special  case 
w  5,  namely  ^  =  1,  v  =  i,  which  may  be  confused  with  2. 
Hence  given A^?,,  6^  in  any  case^  it  is  possible  to  determine 

y  mmns  of  this  table^  the  geometrical  function  of  the  factor 
considered. 
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It  will  be  seen  that  in  5  (Casorati’s  6)  the  factors  usually 
occur  in  6^  contrary  to  Casorati’s  statement. 


Boundary  Bines, 

§  18.  It  is  important  to  notice  that  in  the  quadratic  family 
branches  of  A  which  occur  an  odd  number  of  times,  i.e.  whose 
equations  appear  as  factors  to  an  odd  power  in  A,  form  the 
boundaries  of  regions  in  which  real  curves  of  the  family  lie. 
For  as  we  cross  such  a  branch  the  sign  of  A  changes  and 
therefore  (Salmon,  Higher  Algebra^  p.  239)  the  number  of 
pairs  of  real  roots  of  the  O-equation  changes ;  that  is,  there 
are  two  real  values  of  12  at  every  point  on  one  side  of  the 
branch,  and  two  imaginary  values  of  12  at  every  point  on  the 
other  side.  I’his  does  not  hold  for  the  cubic  family,  for  in  it 
a  change  in  the  sign  of  A  denotes  a  change  from  three  real 
roots  to  one  real  root,  and  therefore  in  the  cubic  family  the 
curves  lie  in  every  part  of  the  plane. 

It  may,  however,  happen  that  a  curve  given  by  an 
imaginary  value  of  12  has  a  real  branch,  and  such  a  branch 
will  He  in  the  excluded  region.  It  is  proved  by  Crone  for 
the  family  of  conics  (^Mathematische  Annalen^  Vol.  XII., 
p.  569),  that  if  there  is  such  a  branch  it  must  belong  to  two 
different  curves  of  the  family.  It  follow’s  therefore  from  our 
discussion  of  P.I.’s  that  this  branch  will  appear  in  k  and  A^. 

Ex.  13.  U  —  X  {x  y  +  1)  or-  ‘IxyQ  +  y  («  -  1)  =  0.  Fig.  7, 

A  (a:^  —  1)  =  0, 

h  =xy{x+  1), 

Ap  =  x'^y*  (x  +  1)^  (a;*  —  ^  —  1)  =  0. 

e  =1. 

The  plane  is  divided  into  regions  by  the  envelope  x^  —  y—l  =  0  and  the 
two  P.I.’s  a;  =  0,  y  =  0.  The  line  a;  +  1  =  0,  which  forms  part  of  each  of  the  two 
imaginary  curves  12  =  —  1  +  i,  lies  in  the  excluded  region  as  shown  in  the  figure. 


The  Quadratic  family  of  Lines, 

§  19.  This  family  is  fully  dealt  with  in  such  books  as 
Salmon’s  Conic  Sections.  The  functions  a,  c  are  linear 
in  X  and  y,  and,  provided  che  lines  a,  5,  c  do  not  all  pass 
through  one  point,  their  envelope  is  the  conic 

A  =  ac  —  =  0. 
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If  we  write  a  =  +  or,?/ +  <7^,  c=...,  then 


a^x  +  a^y  +  a,, 


J 

» 

^0, 

^0 

• 

a^, 

K 

K 

+  f>,y  +  K 


f 


We  have  already  pointed  out  that  the  degree  of  k  is  lower 
than  that  calculated  by  Mr.  Workman  (‘20.,  p.  185).  It  is 
obvious  that  in  this  case  no  tac-locus  exists. 


The  Quadratic  family  of  Conics.  • 

§  20.  This  family  is  discussed  by  Salmon  {Higher  Plane 
Carves^  Cb.  VI.)  in  his  chapter  on  curves  of  the  fourth  order. 
A  =  ac  —  6*  =  0  is  a  quartic  which  touches  the  conics  <2,  c  at 
all  their  intersections  with  b.  The  quartic  evidently  lies  in 
regions  where  a  and  c  have  the  same  sign.  Every  conic  of 
the  system  has  real  or  quasi-contact  with  the  quartic  at  the 
four  intersections  of  the  conics  all  +5  =  0,  5ll  +  c  =  0, 
accounting  for  the  eight  intersections  of  the  conic  and  the 
quartic. 

The  equation  giving  the  condition  that  any  conic  of  the 
system  shall  have  a  dp  is  of  the  sixth  degree  in  ^2,  therefore 
six  conics  of  the  system  reduce  to  line-pairs.  Since  each  line 
of  the  line-pair  meets  the  quartic  in  four  points  and  these 
must  be  coincident  in  pairs,  the  line  is  either  a  bitangent  to 
the  quartic,  or  touches  the  curve  once  and  passes  through 
a  dp,  or  joins  two  dps.  Crone  {Mathematische  Annalen, 
Vol.  xir.,  p.  561)  has  fully  discussed  the  arrangements  of  the 
bitangents  for  all  the  different  forms  of  non-singular  quartics 
and  has  investigated  the  number  of  different  systems  of  real 
conics  and  the  number  of  isolated  dps,  etc. 

The  following  theorems  with  reference  to  special  points  in 
the  quadratic  family  are  stated  here  for  the  sake  of  clearness; 
they  are  immediate  deductions  from  what  has  already  been 
proved. 

A  point  through  which  two,  and  only  two,  different  curves 
of  the  family  pass  does  not  lie  on  A.  This  holds  even  when 
the  point  is  a  dp  on  one  or  both  of  the  curves*  (cp.  §  7). 


*  See  Ex.  1,  §  5.  The  origin  is  a  point  at  which  Q  =  0,  (x*  +  »/*  =  0)  and  U  =  oo , 
(as^  —  j/3  =;  0)  both  have  cusps. 
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A  point  tlirong’h  which  one  curve  of  the  family  passes  twice 
and  through  which  no  other  curve  passes  is  a  dp  on  A.  In 
this  case  the  for  the  curve  is  a  repeated  root  of  the  sextic 
which  gives  the  six  values  of  for  which  the  conics  break  up 
into  line-pairs. 

Ex.  14.  U={x-\)yQ'^  +  2{x-\)  Q  + 

A  =  (x  —  1)  {x'^y  —  y'^  —  X  + 

The  cubic  factor  is  the  envelope,  and  x  — 1  =  0  is  a  P.I.  The  dp(l,  0)  ia  a 
point  through  which  only  the  curve  O  =  oo  or  (x  —  1) «/  =  0  passes,  and  is  a  dp 
on  this. 


A  point  through  which  all  the  curves  of  the  family  pass 

a  dp  on  A  (^7).  The  directions  of  the  tangents  to  the 
curves  at  this  point  may  be  a  linear  or  a  quadratic  function 
of  12  In  tlie  first  case  every  direction  gives  a  different  real 
value  of  12,  therefore  the  curves  pass  singly  in  all  directions 
th  rough  the  fixed  point.  In  order  that  they  may  do  this  the 
dp  in  A  must  have  coincident  tangents,  for  otherwise  (since 
we  cannot  have  real  curves  on  both  sides  of  any  branch  of  A) 
certain  directions  would  lie  in  excluded  regions.  On  the  other 
hand,  when  the  directions  are  given  by  a  quadratic  function 
of  ^2,  some  of  the  directions  will  determine  imaginary  values 
of  12,  therefore  lie  in  excluded  regions,  and  the  curves  will 
have  contact  in  pairs. 

See  Ex.  14.  The  points  (1,  1),  (1,  —  1)  are  instances  of  fixed  points  of  the 
latter  kind. 

The  quartic  may  degenerate  into 

(1)  cubic  and  line, 

(2)  two  conics, 

(3)  conic  and  two  distinct  lines, 

(4)  conic  and  two  coincident  lines, 

(5)  four  lines,  two  or  three  of  which  may  be  coincident, 

(1)  The  line  may  be  an  envelope  or  a  P.I, 


(i)  Suppose  the  line  is  an  envelope  ;  then  the  three  points  in  which  it  meets  the 
cubic  are  dps  on  A  which  are  not  fixed  points  of  the  family  ;  for  if  a  line  cut  every 
conic  of  the  family  at  a  given  point  it  cannot  also  touch  the  conic,  therefore  it 
cannot  be  an  envelope.  Since  then  the  points  of  intersection  of  the  line  and  the 
cubic  are  dps  on  A  which  are  not  fixed  points  on  the  familj^,  they  are  points 
through  which  one  curve  of  the  family  passes  twice.  But,  as  has  been  stated 
above,  the  values  of  Q  giving  these  curves  are  repeated  roots  of  the  sextic  which 
determines  the  line-pairs  of  the  system,  hence,  in  this  case  the  sextic  has  three 
repeated  roots  and  therefore  the  system  contains  only  three  line-pairs. 


differential  equations  of  the  first  order.  «S41 


Ex.  15.  Z7=  (x  + 1)^Q’  + 2yQ +2/*  — a;  =  0, 

A  =  a;  (2/2  (a;  +  2)  —  (x  4- 1)^}. 

Here  the  sextic  is  (2Q2 _  i)2  —  giving  the  three  line-pairs  O  =  oo ,  Q  =  +  1  /  J?* 

(ii)  Suppose  the  line  is  a  P.I. ;  then  P  belongs  to  class  8  in  the  table  (§  17),  and 
the  equation  of  the  family  may  be  written 

a'FQ^  +  2b'FQ  +  c-0, 
where  a',  b'  are  lines  and  c  a  conic. 

Then  ^  =  F  {a'c  -  b'^P). 

Here  P  =:  0  passes  througti  two  fixed  points  of  the  family,  viz.  its  intersections 
with  c.  Its  remaining  intersection  with  the  cubic  is  its  intersection  with  a',  that, 
is,  the  dp  of  the  particular  line  pair  a'P. 

(2)  When  the  quartic  degenerates  to  two  conics,  both 
must  be  envelopes;  tor  If  either  conic  were  a  P.I.,  tlie  family 
would  have  four  fixed  points  (§  16)  and  therefore  be  degenerate. 

(3)  When  the  quartic  is  made  up  of  a  conic  and  two 
different  lines,  these  lines  may  be ; — 

(i)  both  envelopes, 

(ii)  one  envelope  and  one  P.L, 

(lii)  both  P.I.’s. 

(4)  If  the  two  lines  are  coincident,  they  must  be  P.I.^s 
(table  §  17). 

(5)  If  A  =  0  split  up  into  four  lines  these  may  be 

(i)  all  different  (a)  all  envelopes 

(/3)  one  envelope  and  three  P.I.’s. ; 

(ii)  two  coincident  and  two  distinct,  the  two  coincident 
must  be  P.I.’s;  the  other  two  lines  may  be: — 

(a)  both  envelopes, 

(/8)  one  envelope  and  one  P.I. ; 

(iii)  three  coincident,  all  P.I.’s  and  one  distinct,  the 
envelope. 

Some  other  special  cases  are  mentioned  in  Salmon  (Higher 
Plane  Curves,  Art.  273).  If  the  family  has  two  fixed  points, 
k  breaks  up  into  the  line  joining  them  and  a  conic  through 
them.  The  line  is  a  P.I. ;  the  conic  is  a  proper  tac-locus. 

If  a,  h,  c  are  all  circles,  the  fixed  points  are  the  circular 
points ;  the  envelope  is  then  a  bicircular  quartic. 
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The  Quadratic  family  of  Cuhics. 

§21.  This  family  has  as  envelope  a  sextic  whose  equation 
is 

A  =  ac  -  =  0, 

where  o',  c  are  cubics,  and  which  therefore  touches  a  and  c 
at  all  their  intersections  with  b.  Every  curve  of  the  family 
has  contact  or  quasi-contact  with  A  =  0  at  the  nine  points  of 
intersection  of  +  5  =  0  and  512  +  c  =  0.  The  family  cannot 
have  more  than  seven  fixed  points,  tor  if  it  have  eight,  it  must 
also  have  another  making  nine  and  will  therefore  be  a  pencil 
of  cubics  and  degenerate.  It  can,  however,  have  a  conic  as 
part  of  two  distinct  or  consecutive  P.l.’s;  for  this  necessitates 
only  six  fixed  points,  viz.  the  intersections  of  the  conic  with 
any  cubic  of  the  family. 

The  sextic  may  split  up  in  various  ways,  as  has  already 
been  shown  in  some  of  the  examples  j  in  this  family  node  and 
cusp-loci  first  appear. 

Ex.  16.  U  ^x{x^-\-y^~2)il^-\-2y{x^  +  y^-2)Q+x{x^-y'^)-0.  Fig.  8. 

A  =  —  2)  [x*  —  ~  y* 

k  =x  (x-y)  (x  +  ?/)  (x2  +  ^2_2)j 

—x^{x  —  yY  (x  +  yY  —  2)®  [x*  —  2x^y^  —  +  2?/®]. 

This  is  a  family  of  cubics  through  seven  fixed  points. 

The  circle  x^  +  —  2  =  0  is  a  P.I.  of  type  8  (§  17) ;  /a  =  1,  v  =  1,  5  =  1,  p  =  0. 

The  Quadratic  family  of  Quartics, 

§  22.  In  this  family  each  curve  has  sixteen  points  of 
contact  or  quasi-contact  with  the  octic  A  =  ac  —  5‘‘‘  =  0.  A 
cubic  may  form  part  of  two  distinct  or  consecutive  P.l.’s. 
The  family  cannot  have  more  than  twelve  fixed  points ;  for 
if  it  have  thirteen,  it  must  also  have  three  more,  viz.  sixteen, 
and  therefore  will  be  a  pencil. 

Similarly  we  might  proceed  to  discuss  families  of  quintics, 
sextics,  etc. 


III.  The  Cubic  Family. 

Notation, 

§  23.  The  principal  functions  which  present  themselves  in 
this  family  are  (see  Cayley,  Fifth  Memoir  upon  Quantics, 
Collected  papers,  No.  156,  Yol.  ii.)  as  follows; — 
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(1)  The  general  integral  equation, 

TJ  =  "1”  -|-  3cii  c?  =  0, 

where  a,  5,  c,  d  are  algebraic  functions  of  degree  m  in  y, 

(2)  The  Hessian,  which  is  the  quadratic  family, 

If  =  aa'  +  bo  +  c  =  0, 

where  we  write  a  for  ac  - 

b  for  ad  —  hc^ 
c  for  hd  — 

(3)  The  cubi-covariant,  a  cubic  family  of  3m-ics ; 

4^  =  Cl  O*  "j-  3  J  O^  +  3c  O  •}*  c?  “1^) 
where  a  =  —  a^d  -f  Zabc  -  2^®  =  25a  -  ab, 

5'  =  —  abd  +  2ac*  -  b'c  =  ca  —  ac, 
c  =  acc?  -  25‘W  +  =  c^a  —  5c, 

d!  =  ac?*'^  —  35cc5  +  2c^  =  ^fb  —  2cc. 

(4)  The  O-discrirainant  of  57,  which  is  also  the  O-discrimi- 
nant  of  and  may  be  written 

A  =  4ac  —  b’. 

(5)  The  first  and  second  derived  functions, 

X  =  aO*  25o  d"  c, 

Y  =  50*  +  2co  +  c7, 

X.  =  aO  -}-  5,  T  =  50  4  c,  ^  =  cO  -{-  c5, 
and  Xh  =  2aO  +  b,  Ys  =  bO  +  2c. 

6.  The  2?-equation, 

F'=^/  +  35/  +  3Q?+i>  =  0, 
which  is  the  eliminant  of  Q  between  the  equations 

aO"  +  35o"  +  3cQ  4  c5  =  0, 
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this  ellmlnant  is  (see  Salmon’s  Higher  Algebra^  p.  207) 
{[  dc/  7da\  „  /t  dc  dZ'N)^  ^ 


where 


Q  = 


a 


da  da  dc 

’  do;  ’  do;  da: 

^  db  da  dc?  d&  dc 

^  rl-i*  A  'y* 


dx  ’  dx  dx 

dc  dib  dc? 

^  ’  do;  ’  d.r  d:r 


d^  do: 
dc 

diXj 


da 


da  dc  /d?>\*  ,  .  .  Nr;  7  N., 

dx  d^  “  Id^ j  +  etc., 

hence  writing 

a  =  a  c  —  b  ^  ,a  =ac+ac  —2hh  ,  a  =o  c  — 

b„  =  aX  -  ^ A)  b,,  =  +  «X  -  ^ A  -  V.-)  » = “A  -  A) 

=  h  d  —  c  ‘\ 


i  ^  yy 


y  y 


c  —bd—c^.Q,  —bd-\-hd—2cc 

XX  XX  X  i  xy  X  y  '  y  X  x  y 

we  have 

e=  a,  a^+;>a^,  K.  +  PK,-^  P\jy 

b,  b^  +  ^b^,  'o^+p^+jfh^j 

c,  c.+i’c,)  <=„+i>c^+/c^„ 

and  by  a  simple  transformation  the  ^-equation  becomes 
-  jV  -  3  (ScJ  +  p  [(ad^)  -  3  (Jc„)]]' 

+ 


a, 

^xx 

+  p 

a, 

a-x) 

^xy 

+  P 

a, 

^xx 

b, 

b., 

K 

b, 

bx, 

b 

xy 

b, 

b  , 

y’ 

bxx 

c. 

e.7 

^xx 

c, 

^x1 

c 

xy 

e, 

c 

XX 

a, 

a 

xy 

+  ;/ 

^^7 

^x7 

^yy 

b, 

b  1 

y’ 

b, 

b.7 

b 

yy 

c, 

‘=«. 

e, 

ex7 

c 

yy 

+/|  «> 

b,  b  ,  b 

’  y’ 


yy 

c,  c  ,  c 

7  1/7  j/;/ 


=  0. 
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Hence,  multiplying  by  27, 

A  =  -  [(a<?  )  -  3  (ic^)]"  +  27  a,  a_, 

c,  c  ,  c 

’  i/’  uy 

S  =  -  [(«<)  -  3  (5c^)]’  [(a^J  -  3  (JoJ] 

+  9 


C  =  -  {{ad^)  -  3  (bc^l  [(a(7J  -  3  (icj]’ 

+  9 


D  =  -  [(a<;j  -  3  (JoJ]  ’  +  27 


b,  b,, 

^XX 


a, 

^yy 

+  9 

a, 

a 

xy 

b., 

b 

yy 

b, 

b  , 
2/’ 

b 

xy 

c 

yy 

c, 

S’ 

Sy 

-  3  (icj 

13 

J 

a. 

a 

xy 

+  9 

a. 

S’ 

^xx 

b, 

b., 

b 

xy 

b, 

b  1 

b^x 

c, 

C 

xy 

c, 

S’ 

Sx 

a. 

a  ,  a 

X*  XX 

• 

(7)  If  (7,  D  have  a  common  factor  6  and 

A  =  ea,  B  =  ep,  G=ey,  D  =  eh, 

then  tbe  “  reduced  ^-equation  ”  is 

V  —  aff  +  +  ^yp  +  5  =  0^ 

If  we  write  ^  for  ay  —  /3^, 

53  „  oS  -  ^7, 

„  ^8-7=, 

then  the  Hessian  related  to  the  2>equation  is  denoted  by 

+  (31, 

and  -  W. 

(8)  From  tbe  fundamental  relation,  which  in  the  case  of 
the  cubic  family  is 

Ak^  =  Ae\ 

p  ' 

we  can  find  k  when  and  0  are  known.  Several 

different  methods  of  finding  k  directly  are,  however,  given 
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or  stated  by  Casoratl  and  Mr.  Workman.  A  simple  expres¬ 
sion  given  by  the  latter  may  be  quoted  here.  Let  /c,  X,  /u,,  v 
denote  tlie  minors  of  X,  yit,  v  in  the  determinant 


a:  ,  /A,  V 

a  ,  h  ^  c  ^  d 

^x'l  ^xl  ^x 


a  .  h  .  c  ,  d 

y'  2/’  yi  y 

and  let  5  denote  the  discriminant  of 

K(o^  +  Xa)**  -f  yaw  4- 1'  =  0, 


Then 


03  08  08  08 

k  =  a— — 0— c  —  —  d~ 

0r  0/A  0X  0/c 


As  already  stated  numerical  factors  are  here  disregarded. 

(9)  Another  equation  which  may  be  mentioned  here  is  the 
primitive  of 

We  may  write  this  as 

=  af2''  +  2612  4-  c  =  0. 

There  are  then  two  quadratic  families,  H  and  of  which 
the  former  has  the  same  A  as  U  and  the  latter  has  the  same  A^. 
We  see  later  that  £/,  H  and  have  the  same  envelope,  etc. 

Let  m  be  the  degree  of  a  in  y,  and  suppose  the  familiea 
have  no  singularities. 

Then  ol  —  A  and  is  of  degree  3  (2m  —  1),  therefore  ^  is  of 
degree  6  {2m  —  1). 

But  referring  to  the  quadratic  family,  we  find  that  ^  must 
be  of  degree  2  (2m'  —  1)  j  therefore 

2  (2m'  -  1)  =  6  (2m  -  1), 
i.  e,  m  =  3m  —  1 , 


General  properties  ^a,  b,  c,  &c. 

§  24.  If  a,  5,  c,  d  are  curves  of  the  degree,  a,  b,  c  are 
of  degree  2?72,  and  have  at  least  3m’''  common  intersections. 
For  the  identity 

8b  =  ca  4-  «c 

shows  that  8,  b  form  a  degenerate  3772-Ic  curve  which  passes, 
among  others,  through  all  the  4m*  intersections  (ac).  Now 
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differential  equations  of  the  first  order. 


h  cannot  meet  c  in  more  than  m‘'  of  these  intersections,  for 
from  the  identity 

c  =  hd  — 


we  see  that  h  touches  c  at  all  the  points  (hc)^  making  up 
the  intersections  (cc)  ;  it  follows  then  that  b  passes  through 
all  the  remaining  intersections  of  a  and  c  (cp.  below  the 
family  of  lines,  »72=l,  fig.  9).  Let  us  call  these  common 
intersections  of  a,  b  and  c  the  points  X,  3/,  N. 

We  have  here  shown  that  the  Hessian  family  is  a  quadratic 
family  of  curves  of  the  degree^  having  3m*  fixed  joints 

(X,  3f,  Nf 

The  points  (X,  3/,  Nf  being  fixed  points  of  the  family, 
must  be  dps  on  A  =  0  (^7),  and  we  can  prove  that  they  are 
cusps.  For  it  is  easily  seen  that 


a* A  =  -  (a'*  +  4a®). 

which  shows  that  a*A  has  cusps  on  a  at  all  the  intersections 
(a'a),  see  fig.  9.  But  remembering  that 

a  =  25a  —  ahy 


we  see  that  the  intersections  (a"a)  are  made  up  of  the  points 
(aa)  and  the  points  (ab). 

Now  the  points,  (aa)  are  made  up  of  contacts  of  a  with 
a  at  (a5),  and  the  points  (ab)  are  made  up  of  the  intersections 
of  ac-  5*  =  0  and  ad—hc  =  0,  that  is,  of  (a5),  and  the  points 
(X,  3/,  XT),  that  is,  the  only  points  of  the  group  (a'a)  which 
lie  on  a  are  the  points  (ah).  Hence  A  has  cusps  on  a  at  all 
the  remaining  intersections  of  the  group  (a'a),  that  is^  at  all  the 
points  (X,  3f,  N)  ;  and  the  curve  d  touches  the  cuspidal  tangents 
at  these  points. 

Similarly  from  the  identity 

6Z*A  =  -  (X*  +  4c®) 

we  see  that  X  touches  all  the  cuspidal  tangents  at  (X,  3/,  N^. 

Again,  since  A  =  4ac  — b*,  it  has  contact  or  quasi-contact 
with  a  and  c  at  all  their  intersections  with  b.  Now  the 
intersections  (ab)  are  made  up  of  (X,  3/,  N)  and  (a5),  and  a 
touches  a  at  all  the  points  {ah')  ;  therefore  A  touches  a  at  all 
the  points  (a5),  and  similarly  A  touches  c  at  all  the  points  {cd).- 
Collecting  these  results: — A  is  a  4m-Ic  having  cusps  at  the- 
(m*  points  (X,  3/,  N)  common  to  a,  b  and  c ;  and  moreover., 
touching  a  at  the  wl  points  {ah),  and  c  at  the  td  points  {cd)  ;  and 
lying  in  the  regions  where  a  and  c  have  the  same  sign.  (Fijrs.- 
9,  ll,  &c.). 
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Note. — We  use  the  symbols  FU,  FIT,  F^  to  denote  “the  family  of  curve's 
represented  by  0,  JJ  =  0,  $  =  0  ”  ;  and  we  use  II,  <!',  etc.  to  denote  any  one  of 
the  curves  belonging  to  the  family  11  —  0,  $  =  0,  etc. 


The  relation  of  the  curves  of  FU  to  the  cusps  on  A  must 
now  be  investigated.  We  know  that  three  curves  of  FU  pass 
till  'ough  any  point  of  the  plane,  and  that  if  the  point  be  chosea 
on  A  two  of  these  curves  are  consecutive  or  coincident. 


Note. — In  the  merely  algebraic  work  the  distinction  between  consecutive  and 
coincident  which  is  so  important  in  the  geometry  of  the  subject  is  not  explicitly 
shown. 

Considering  the  question  algebraically,  we  are  given  a  cubic  equation  in  Q, 
U=ail^-^ohQ,--\-BcQ-¥d—Q,  whose  coefficients  are  functions  of  x,  y,  at  certain 
points  of  the  plane,  viz.  on  the  curve  A  =  0,  the  values  of  x,  y  are  such  as  to 
make  two  roots  of  this  equation  equal ;  we  want  to  determine  whether  these  roots 
are  consecutive  or  coincident.  Let  us  give  to  the  point  {x,  y)  a  small  arbitrary 
displacement  in  the  plane,  and  so  arrange  that  its  position  is  determined  by  the 
value  of  one  parameter  Let  the  variation  of  this  parameter  be  represented 
(fig.  10)  by  tlie  displacement  of  a  point  along  the  line  0^,  and  let  the  correspond¬ 
ing  values  of  12  be  represented  by  the  ordinates  of  the  curve. 

Thus,  in  general,  all  the  roots  are  real  and  distinct,  as  at  ;  at  ^2 
coincident ;  bej'ond  ^2  we  have  three  real  distinct  roots  again ;  at  ^3  two  are 
consecutive;  bej'ond  ^3  two  are  imaginary;  at  ^4  three  roots  are  consecutive; 
on  either  side  of  ^4  two  roots  are  imaginary;  at  ^5  two  roots  are  consecutive  and 
the  thii'd  coincides  with  one  of  these  ;  be)^!^  ^5  the  three  roots  are  real  and 
distinct ;  at  the  three  roots  are  coincident,  and  beyond  the  three  roots  are 

still  ]-eal ;  at  two  consecutive  roots  are  coincident,  and  beyond  two  roots  are 

imaginary,  except  at  where  there  is  an  acnode.  This  makes  up  all  the  possible 
cases.  The  result,  which  is  perfectly  general  is  : — 

On  jmssiny  through  two  consecutive  values  the  roots  change  from  real  to 
imaginary  or  imaginary  to  real ; 

in  passing  through  two  coincident  values  the  roots  change  from 

f  real  to  real. 

\  imaginary  to  imaginary. 

If  the  roots  are  consecutive  as  well  as  coincident  they  count  as  consecutive,  see 
cusp  at  on  the  diagram. 


Now  suppose  the  part  of  A  we  are  dealing  with  to  be 
simply  the  envelope.  Then  through  every  point  there  pass 
two  consecutive  curves  of  FU  one  distinct  from  these. 
As  we  move  along  A  suppose  that  at  some  point  K  the  third 
curve  actually  coincides  with  one  of  the  consecutive  curves. 
Then  at  this  point  the  equation  ?7  =  0  has  three  equal  roots 
in  12.  But  the  condition  for  this  is  ^=0,  4^  =  0,  A  =  0  (Cayley, 
Z.C.,  §  126),  that  is,  a  =  0,  b  =  0,  c  =  0  simultaneously.  4  here- 
fore  the  point  K  considered  is  one  of  the  cu.^ps  (X,  J/,  N). 

Again,  the  two  coincident  curves  are  met  by  the  consecutive 
curve  in  rF  points,  and  each  of  these  points  is,  by  the  above, 
a  cusp  on  A.  Hence  we  have: — the  three  values  of  at  a 
cusp  on  A  are  equals  and  if  a  curve  of  the  family  U=0  passes 
through  one  cusp,  it  passes  through  iF  cusjis  (see  below  Hx.  23, 
§  36,  fig.  21). 
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The  Hessian  Family. 

§  25.  We  now  proceed  to  consider  the  Hessian  family. 
We  have  already  seen  that  it  is  a  quadratic  family  of  2??2-ic 
curves  having  fixed  points  and  having  the  same  A  as  FU. 

Considered  as  a  binary  quantic  in  O,  we  know  that 

when  H=0  has  2  real  roots  in  ^2,  i[7=0  has  one  real,  two 

imaginary  roots, 

„  2  equal  „  „  the  same  two 

equal  roots, 

„  2  imaginary  „  three  real  roots. 

Now  the  roots  of  an  equation  change  from  real  to  imaginary 
and  from  imaginary  to  real  in  passing  through  two  consecutive 
values,  hence  through  any  point  there  pass 

'two  real  jS^’s  and  one  real  U, 

<  two  consecutive  H'^  and  the  corresponding  consecutive  C/’s, 
.no  real  Zf’s  and  three  real  ?7’s, 

according  as  the  point  is  on  the  negative  side  of  the  envelope, 
on  the  envelope,  or  on  the  positive  side. 

Now  on  the  first  side  there  are  two  real  curves  of  FH 
through  any  point,  therefore  these  curves  touch  A  on  this 
side,  but  there  is  only  one  real  curve  of  FU^  therefore  U 
touches  A  on  the  other  side.  The  result  then  is: — Corre¬ 
sponding  curves  of  the  cubic  and  Hessian  families  (I'.e.,  curves 
given  by  the  same  value  of  O)  touch  their  envelope  on  opposite 
sides  at  the  same  point  (see  point  P.,  fig.  12). 

This  result  applies  only  at  an  ordinary  point  on  A  :  at  a  dp  thei-e  are  two  cases 
to  be  considered.  For  dealing  with  FH  which  is  a  quadratic  family,  we  may 
have  through  a  dp  on  A  (see  §  20) 

(i)  One  of  the  curves  of  FII  twice,  or 

(ii)  An  infinite  number  of  curves  of  FH. 

In  case  (i)  H=^0  has  two  equal  roots  at  the  dp,  which  must  be  coincident, 
therefore  has  the  same  two  equal  roots  and  these  are  also  coincident  (see 

Ex.  24,  §86).  (This  can  be  seen  by  considering  the  reality  of  the  roots  of  6- =  0 
and  H  —  0  near  the  point).  Hence  one  of  the  curves  of  FU  passes  twice  through 
the  point,  that  is,  two  corresponding  curves  of  FU  and  FH  may  have  dps  at  a  dp 
on  A,  and  the  branches  may  or  may  not  touch  the  branches  of  A  at  the  point. 

In  (ii)  a  fixed  ordinary  point  on  FH  is  not  a  fixed  point  on  FU  for  suppose  FU 
has  a  fixed  point  and  let  it  be  taken  as  origin.  Then  the  terms  of  lowest  decree 
in  a,  b,  c,  d  must  be  linear  in  x,  y,  that  is  -.—  The  Hessian  family  must  have  a  fixed 
dp  at  a  fixed  ordinary  point  on  the  cubic  family. 

It  follows  then  that  a  fixed  ordinary  point  on  FH  is  not  a  fixed  point  on  FU. 
At  such  a  point,  however,  a,  b,  c  all  vanish,  therefore  H  vanishes  identicallv,  and 
this  is  the  condition  (Cayley,  Z.c.,  §  126)  to  be  satisfied  in  order  that  £7  =  0  may 
have  three  equal  roots  in  Q,  that  is,  the  three  U  curves  through  the  point  are  the 
same. 
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Again,  the  Hessian  has  a  crunode  where  the  corresponding 
curve  of  the  cubic  family  has  an  acnode^  and  conversely, 

(H 

change  from 

through 


'2  coincident 
2  coincident,  3  real 


back  to 

2  coln- 
2  coin- 


'2  real  and  different 

1  real  and  2  imaginary 

2  real  and  different  .  (2  imaginary  ,  ,  (5 

,  1  ^  1  0^  from  through  ■{ 

1  real,  2  imaginary  (3  real 

cident  i  i  ^  imaginary 

cident,  3  real  js  real 

It  is  evident  that  a  change  from  2  real  roots  through  2 
coincident  back  to  2  real  necessitates  a  crunode,  and  the 
similar  change  for  Imaginary  roots  an  acnode. 


The  Hessian  and  the  corresponding  curve  of  the  cubic  family 
have  cusps  at  the  same  pointy  having  the  same  tangents  hut 
turned  opposite  ways. 

By  considering  a  cusp  as  an  evanescent  loop  or  as  the 
result  of  the  coalescence  of  an  acnode  with  a  branch  of  the 
curve,  this  theorem  follows  from  the  two  proved  above. 

Similarly  when  a  curve  of  A't/ has  a  singularity  consisting 
in  its  penultimate  form  of  a  series  of  X  nodes,  the  corresponding 
curve  of  FH  has  a  singularity  of  the  same  type  at  the  same 
point,  what  are  crunodes  on  one  being  acnodes  on  the  other. 
(Whether  a  singularity  is  accurately  described  as  a  series  of 
acnodes  is  a  question  to  be  determined  by  Klein’s  equation; 
but  this  abbreviated  description  is  here  adopted  for  simplicity). 

If  the  singularity  on  the  curve  of  A'Zy^has  as  its  penultimate 
form  a  loop  followed  by  X  nodes,  the  corresponding  curve  of 
FH  has  a  singularity  of  the  same  type  turned  in  the  opposite 
direction.  The  singularities  here  dealt  with  are  the  only  ones 
which  can  occur  on  FH^  v/hich  is  a  quadratic  family  (see  §6). 


When  two  consecutive  or  coincident  curves  of  FU  have  one 
or  more  repiated  branches  in  common  the  corresponding  consecu¬ 
tive  or  coincident  curves  of  FH  have  the  same  repeated  branches 
in  common, 

^Suppose  Q  is  the  repeated  branch  considered,  then,  using 
the  method  of  §  15,  we  can,  by  a  linear  transformation  of  12, 
bring  the  equation  U  to  the  form 


a  +  3cf2  4  =  0, 


where  n',  b\  c,  do  not  contain  $  as  a  factor. 


Then  a  =  acQ'^  —  b''Q^\  b  =  a'dQ^  —  h'cQ'',  c  =  b'dQ''  —  c^ 
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Kow  if =  r,  7*>0,  Q‘'’ (acQ' —  h'')^ 

h=Q^  (a  -  Uc), 
c=  {h'dQi'  —  c'), 

and  Is  a  P.L  of  H‘=  0  of  type  7,  in  table,  §  17. 

If  ^  s  >  0,  a  =  (a'c  -  Q‘), 

h=  (adQ^-^  -  h'c), 

c=  h'dQ''  —  c^]  provided 
but  if  V  <  ^,  =  s  —  ^  say,  a  =  (a'c  — 

b=  {a'd-h'cQ), 

c=  h’dq-^-cK 

In  both  these  cases  Q  Is  of  type  8  (§  l7). 

If  ytt  =  2v,  a  =  (a  c  -  3'^), 

b  =  §*'  {adQ'  —  ^'c), 

c  =  y  d  O'  —  d. 

Here  Q  is  of  type  7  (§17). 

This  shows  the  correspondence  between  certain  P.T.’s  of 
FU  and  FH.^  namely,  those  at  every  point  of  which  the 
equation  t/ =  0  has  two  equal  roots  In  £2.  The  number  of 
occurrences  of  Q  in  A  can  be  found  from  the  table  (§  17). 


Determination  of  the  Geometrical  functions  of  factors  of  A. 

§26.  We  have  now  shown  that,  when  a,  b,  c  have  no 
common  factor 

the  discriminants  of  FU  and  FH  are  the  same, 
the  envelope  ci  FU\s>  the  envelope  of  FH^ 
the  node-locus  of  FU  is  the  node-locus  of  FH^ 
the  cusp-locus  of  FU  is  the  cusp-locus  of  FH., 
the  locus  of  a  certain  higher  singularity  on  FH  Is  the  locus 
of  a  similar  singularity  on  FU., 
a  P.l.  forming  part  of  two  consecutive  or  coincident  curves 
of  FU  is  a  P.L  forming  part  of  two  consecutive  or 
coincident  curves  of  FH. 

Hence  we  have  reduced  the  problem  of  finding  the  geo¬ 
metrical  significance  of  any  factor  of  A  for  a  cubic  family  to 
the  same  question  for  a  quadratic  family,  and  this  has  already 
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been  completely  solved  (§  17).  All  then  that  we  require  to 
know  is  the  p-discrimlnaut  and  the  k  and  6  for  FH^  which  we 

may  denote  by  X' (Z^),  and  6  (11)^  and  which  are 

easily  found. 

Note,  — Since  on  the  envelope,  node-locus,  cusp-locus,  etc.,  of  FU  it  is  only- 
necessary  that  a  certain  condition  be  satisfied  for  two  of  the  values  of  O  and  Uoo  of 
the  values  of  p  at  every  point,  the  third  il  and  are  unconditioned,  and  it  may 
happen  that  this  Q  is  the  same  at  every  point  of  the  locus,  that  is,  the  envelope, 
node-locus,  cusp-locus,  ov  singularity  locus  of  FU  may  also  be  a  particular  integral. 
This,  however,  does  not  affect  the  occurrence  of  the  corresponding  factors  in  FU 
or  their  relation  to  FII.  Keeping  strictly  to  the  definition  the  envelope  in  this 
case  would  not  be  a  singular  solution.  Boole  describes  it  as  “  a  particular  integral 
possessing  the  geometrical  characters  of  a  singular  solution,”  {Differential  Equations, 
Brd  edition,  p,  172),  but  Hamburger  (No.  27,  p.  218)  admits  that  a  solution 
can  be  both  singular  and  particular.  Boole  gives  the  following  example  of  an 
envelope  which  is  also  a  P.I. 

U  —  UF—  6a:Q^  +  —  y  =  0, 

H—  —  —  (y  —  q  -f  Ixy  —  9a;*  =  0, 

«/  =  0  is  a  P.I.  and  also  a  branch  of  the  envelope. 

Ex.  17,  In  this  example  y  =  0  is  a  node-locus  and  also  a  P.I. 

U—  Q®  — 6a;Q^-l- 9a;^Q  —  a;y2=:  0.  Fig.  12, 

H  —  —  —  x{y'^  +  6x^)  Q  +  x'^  =  0, 


A  =  3py‘^  (y2  —  ^aP) ; 

y  =  0  is  a  triple-point  locus  for  F^  ; 


<>  =  (Q  -  Zxf  {Qy2  -  2a;2  (Q  -  3a;)}  -1  y^  {Qx"^  (Q  -  3a;)  -f  xy^]  =  0. 


however.,  a,  b,  and  c  have  a  common  factor.,  this  (see 
Burnside  and  Panton,  Theory  of  Equations^  p.  340)  must  be 
the  locus  of  points  at  which  the  equation  Z7=0  has  three 
equal  roots  in  Ul.  Leaving  for  the  moment  the  question  of 
P.i.’s,  these  roots  may  be 


(i)  Three  coincident.,  that  is,  the  same  curve  passes  three 
times  through  the  point,  and  the  locus  is  a  locus  of  triple 
points.  The  number  of  real  roots  of  the  equation  is  not 
changed  by  a  passage  through  three  coincident  roots  (provided 
they  are  not  also  consecutive,  §  24,  note),  hence  the  locus  must 
occur  raised  to  an  even  power  in  A  (see  <I>  in  Ex.  17).  This 
applies  when  the  tangents  at  the  triple  point  are  all  distinct ; 
but  if  two  of  the  tangents  coincide,  then  an  additional  inter¬ 
section  of  every  pair  of  consecutive  curves  has  moved  up  to 
the  singularity,  and  a  branch  of  the  envelope  has  coincided 
with  the  singularity  locus,  giving  an  additional  factor  In  A^ 
and  raising  the  locus  of  triple  points  to  an  odd  power  in  A. 
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differential  equations  of  the  first  order. 

In  this  case  two  of  the  roots  are  consecutive  as  well  as  coin¬ 
cident.  If  the  three  tangents  are  coincident,  a  second  inter¬ 
section  of  pairs  of  consecutive  curves  has  moved  up  to  the 
triple  point,  the  singularity  locus  occurs  to  an  even  power  in 
A,  and  the  three  roots  are  consecutive  as  well  as  coincident. 

An  example  of  the  locus  of  a  triple  point  composed  of  a 
cusp  with  a  branch  through  it  is  i>c  =  0  in 

^Ex.  18.  Z7=  Q*  +  3  (a;  +  y)  3  {‘Ixy  +  y^)Q  +  y'^  +  oxy-  —  x*-0.  Fig.  13, 

II— X-  [Q2  +  (2_y  +  X-)  L2  +  4-  x-y  +  a;^]  =  0, 

A  —  x"  (x  ^  4). 

It  will  be  noticed  that  corresponding  curves  of  FIT  and  Ft!  have  cusps  at  the 
same  point  turned  opposite  ways.  The  family  is  formed  by  moving  the  curve  Uq 
parallel  to  itself  in  the  direction  of  the  _y-aiis. 

A  locus  of  triple  points  with  coincident  tangents  of  the  type  x^  is  shown  in 

Ex.  19.  U=  _  3a;‘?^Q2  +  Zxy^  -  y^  +  {x  +  y”-)*  =  0.  Fig.  14, 

//=  {x  -\-y‘^Y  [a;Q  —  ^]  =  0, 

A  =  X®  (a:  +  y'^f. 

The  locus  of  the  singularity,  which  is  the  same  on  F't,  is  x  +  y"^  —  0. 

=  x"^  (x  +  y'^Y  [(xQ  —  yY  —  (a;  +  =  0, 

therefore  $  =  0  has  a  singularity  of  the  same  type  as  that  of  the  corresponding  V 
and  at  the  same  point. 

(il)  The  roots  may  be  two  coincident  and  the  third  consecutive 
to  these^  that  is,  a  curve  passes  twice  through  the  point,  and 
the  consecutive  curve  passes  once,  so  that  the  locus  is  both 
nodr-Aocus  and  envelope  (fig.  15,  A).  On  passing  through  a 
point  where  two  roots  are  coincident  and  one  consecutive  to 
these,  the  number  of  real  roots  changes  (note,  ^  24),  therefore 
the  locus  is  raised  to  an  odd  power,  in  general  the  third,  in 
A.  It  will  be  seen  later  that  every  cubicovariant  family  gives 
an  example  of  this.  The  two  tangents  at  the  node  are  in 
general  distinct;  if  they  coincide,  so  that  the  dp  becomes  a 
cusp,  then  a  locus  of  intersections  of  pairs  of  consecutive  curves 
coalesces  with  the  node-locus,  giving  this  locus  raised  to  an 
even  power  (in  general  the  fourth)  in  A.  In  this  case  the 
nodes  have  become  cusps,  and  we  have  a  cusp-locus,  the  tangent 
at  each  cusp  being  a  tangent  to  the  locus  at  the  point  (fig.  15,  B). 

(HI)  The  three  roots  may  be  consecutive,  that  Is,  three  con-- 
secutive  curves  pass  through  a  point.  In  order  that  this  may 
happen,  two  consecutive  curves  must  have  two  consecutive 
common  points,  and  each  curve  will  then  be  found  to  have  three^^ 
point  contact  with  its  envelope  (fig.  16).  This  locus  does  not 
appear  to  have  been  clearly  recognised  in  the  Theory  of 

YOL.  XXVIII.  zz 
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Singular  Solutions*:  it  is  quite  different  in  nature  from  the 
combination  of  two  envelopes  (which  combination  cannot  occur 
in  the  cubic  family),  and  might  perhaps  he  called  the  osc- 
envelope.  It  occurs  squared  in  both  A  and  A^. 

Ex.  20.  Z7=  +  3^Q  4- 1  =  0.  Fig.  17, 

H  =  y{x-y)  [xQ  +  1], 

A  =  x-?/^  (x  —  yY. 

Here  re  —  ?/  =  0  is  an  osc-envelope,  x  =  0  and  ?/  =  0  are  P.I.’s, 

^ -y  {x-y)  {y  (xQ  +  \Y-x  +  y'\  =0, 
hence  x  —  ^  =  0  is  also  an  osc-envelope  for  <I>  =  0. 


As  regards  P.T.’s  which  are  the  loci  of  points  at  which  the 
equation  U=0  has  three  equal  roots  in  no  classification  is 
attempted.  The  most  general  equation  of  this  type  which 
has  A  =  0  as  a  P.I.  is 

a  -f  Zb' -t-  ZcRpa  -f  6?  =  0, 

(where  a,  V ^  c',  d  are  supposed  not  to  contain  it  as  a  factor), 
and  in  this 

a  =  R\ 

b  =  adR^  -  b'cR^^, 

c  =  b'dR  -  c'^  R% 

that  is,  i2  is  a  common  factor  of  a,  b,  c. 

Hence  a  common  factor  of  a,  b,  c  is  either 

(I)  a  locus  of  triple  points,  tangents  all  different,  two  coin¬ 
cident  or  three  coincident ; 

(ii)  locus  of  nodes  with  one  branch  touching  the  node-locus, 
or  locus  of  cusps  vith  the  cuspidal  tangent  touching  the  locus  5 

(lii)  locus  of  two-point  contacts  of  consecutive  curves  (osc- 
envelope)  5 

(iv)  particular  integral. 

The  above  is  an  enumeration  of  all  the  possible  functions 
of  factors  of  A. 


*  Boole  remarks  (ISTo.  1,  p.  181)  that  the  contact  of  the  curve  with  the  singular 
solution  is  “not  generally  of  the  second  order.”  De  Morgan  gives  an  example  of 
a  family  of  curves  having  three-point  contact  with  their  envelope. 
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differential  eqiiations  of  the  first  order. 

The  Cuhicovariant  Family, 

§  27.  We  next  proceed  to  consider 

'  ^  =  ft  *{■...=  0. 

It  is  important  to  notice  that  the  discriminant  of  is 
W^e  have  already  seen  (§  24)  that  d  and  d'  touch  the  cuspidal 
tangents  of  A  at  all  the  points  (X,  N),  From  the  identity 

+  4a‘'c  =  - 

it  follows  that  d  also  touches  these  tangents ;  for  h'  passes 
through  all  the  intersections  (ac),  and  therefore  through  those 
considered,  viz.  (Z/,  ili,  N)  which  do  not  lie  on  h.  Similarly, 
c  has  contact  with  A  at  the  cusps.  Hence  the  cus-pidal  tan- 
gents  of  A  are  tangents  at  the  points  (X,  J/,  N)  to  all  the  curves 
of  the  family  <4>,  that  is,  jF4>  has  fixed  tangents  (tig.  11). 

Again  writing  H  to  denote  the  operation  of  taking  the 
Hessian  (Cayley,  Z.c.,  §  117),  we  have 

Now  we  have  already  proved  that  corresponding  curves 
of  the  cubic  and  Hessian  families  touch  their  envelope  at  the 
same  point  on  opposite  sides,  therefore  corresponding  curves 

of  X<1>  and  FiZ4>,  that  is,  of  and  FH  touch  their  envelope 
on  opposite  sides  at  the  same  point.  But  corresponding  curves 
of  FU  and  FH  also  touch  the  envelope  on  opposite  sides  at 
the  same  point ;  hence  corresponding  curves  of  FU  and  F<\} 
touch  their  envelope  on  the  same  side  at  the  same  point  (see  point 
p,  fig.  11). 

When  A  denotes  only  the  envelope,  this  accounts  for  one 

of  the  factors  A  in  A4>.  The  remaining  A®  is  due  to  the  fact 
that  A  is  also  a  node-locus  for  <I>.  To  shew  that  this  is  the  case, 
consider  the  curve  U  for  12  =  co  ;  take  one  of  its  points  of 
contact  with  its  envelope  for  origin,  and  take  the  tangent 
there  for  axis  of  x.  Then 

ft  =  +  ft^^.^•"  +  a^pcy  + 

and  since  the  consecutive  curve  passes  through  the  origin 
h  =  J.,r  +  %  +  +  b^^xy  +  b^,y’  +  . . ., 

and  c  =  +  +..., 

c?  =  c/q  +  dpc  +  d^y  + . . . » 
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Plence 


a  —  (^20^0  +•••) 

b  =  -  +  (a/„  -  /-/„)y  +  -  J,Cj  -  +..., 

c  =-(•„’  +  (?',<-  2c„c,)x  +  (V«  -  +••■  ; 

and 

a  =^2h^-  ah  =  a^y  [^cj)^x  -f  (Sc/^  -  afl^y] 

-f  (3aj/j^-2J/)x-®+...  . 

Therefore  the  origin  is  a  dp  on  for  0  =  co  ,  having  ^  =  0 
as  one  of  its  tangents.  The  general  statement  of  this  is: — 
livery  curve  of  has  a  node  on  the  envelope  with  one  branch 
touching  the  envelope^  and  touching  the  corresponding  curves  of 
FU  and  FH ;  the  curves  <I>  and  U  lie  on  one  side^  and  H  on 
the  opposite  side  of  the  envelope  (fig.  11,  P;  fig*  12,  P,  Q,  &c.). 

Again,  at  the  origin  the  shapes  of  a  =  0,  a' =  0,  A  =  0,  and 
a  =  0  are  given  by 

a. 


«/o'' 


a 


a. 


0. 


y  + 


a 


20 


Cl. 


ail! 

4 


a 


'"2  0' 


:i-  =  0, 


aj'  =  0. 


Hence  the  curves  lie  in  the  order  Z7,  ct>,  A,  ^  (^gs.  11,  12,  (S:c.) 
The  singularity  (not  accidental)  on  which  corresponds 
to  a  node  (not  accidental)  on  FU  is  evidently  a  triple  point. 

For  if  f  =  0  is  the  node-locus  of  FU,  then  Ad>  has  as  a 
factor.  It  wdll  be  seen,  by  drawing  the  different  penultimate 
forms,  that  a  crunode  on  FU  corresponds  to  a  triple  point 
with  three  real  branches  on  F^ ;  and  an  acnode  on  FU  to  a 
triple  point  with  only  one  real  branch  (figs.  18,  A  and  B). 
Again,  if  ^  =  0  is  a  cusp-locus  of  FU,  then  rf  is  a  factor 

of  A'b.  It  will  be  found  that  the  singularity  on  F^  is  a  cusp 
with  a  branch  through  it  touching  the  cuspidal  tangent  (figs. 
18,  C  and  I)). 

The  singularities  on  F^  that  correspond  to  higher  singu¬ 
larities  on  FU  can  be  easily  found  in  any  special  case.  The 
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differential  equations  of  the  first  order. 

investigation  of  the  general  case,  as  also  that  of  the  singularity 
corresponding  to  any  fixed  or  accidental  singularity  on  FU^  is 
not  of  much  interest. 


The  derived  functions. 

§  28.  Since  A  Is  the  ellmlnant  of  X=0  and  1^=0,  all  the 
intersections  of  corresponding  curves  of  FX  and  FY  lie  on 
A  =  0.  Points  of  ordinary  intersection  have  a  simple  factor 
for  their  locus  and  form  the  envelope;  points  of  ordinary  contact 
give  a  squared  factor  in  A,  the  node  locus  of  FU ;  the  locus  of 
three-point  contact  of  X  =  0  and  F  =  0  is  the  cusp-locus  of 
FU ;  and  so  on. 

Similarly,  corresponding  curves  of  FXs  and  FYji  intersect 
on  the  envelope  of  FFI.^  touch  on  the  node-locus  of  F!Z/,  and 
have  three-point  contact  on  the  cusp-locus  of  FFl.^  etc.  But 
corresponding  curves  of  FU  and  FH  touch  their  envelope  at 
the  same  point,  have  their  nodes  at  the  same  point,  have  their 
cusps  at  the  same  point,  etc. ;  and 

Z7=i2Z  +  r,  2H=aXs+Ys. 

Hence  at  any  point  where  a  corresponding  X  and  Y 
intersect,  the  corresponding  and  Y-^  intersect ;  where  the 
corresponding  X  and  Y  touch,  the  corresponding  Z^  and  Y^ 
touch ;  and  so  on. 

Again,  we  have  the  expression  for 

^  =  XYs-XuY- 

and  this  shows,  from  what  has  just  been  proved,  that  a  point 
where  U  touches  its  envelope  is  at  least  a  dp  on  the  corre¬ 
sponding  d>,  as  we  have  already  stated. 


The  p-equation, 

§  29.  Throughout  this  discussion,  which  has  dealt  with  tl  e 
geometrical  significance  of  the  factors  of  A,  no  use  has  been 
made  of  the  cubic  ^-equation,  F=  0,  derived  from  the  family 
U=0  (§23,  6).  It  has  been  shown  that  the  factors  of  A, 
with  some  easily  recognised  exceptions,  have  the  same  func¬ 
tions  in  the  family  H  as  in  the  family  t/,  and  these  functions 
can  therefore,  by  our  previous  work  in  the  quadratic  family 
(§  17),  be  at  once  determined  from  the  ^-equation  of  ^  =  0, 
without  referring  to  the  cubic  ^-equation,  V  =  0. 
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Now,  starting  with  the  ^;-equatlon 

V  =  ai/  +  +  S  =  0 

and  Its  Hessian 

+  Itjp  +  ^  =  0, 

and  considering  p  for  the  moment  as  an  arbitrary  parameter, 
the  equations  V  =  0,  11^  =  0  are  of  exactly  the  same  nature  as 
£7=0,  Zr=0(F=0isin  fact  the  locus  of  contacts  of  parallel 
tangents  to  £/=■  0,  see  Professor  HlU's  paper,  No.  22)  ;  there¬ 
fore  the  factors  of  A  have  the  same  functions  in  H  as  in  F, 
and,  since  the  arguments  depend  on  analytical  relations  only, 
this  still  holds  when  V=0  and  H  =  0  are  ordinary  ^J-equations. 
H  ence,  if  we  find  the  primitive  of  =  0  (§  23,  9), 

5®  =  aO*  -1-  2M1  +  c 

(which  is  not  the  Hessian  of  the  i2-equatIon),  we  can  by 
means  of  this  determine  the  functions  of  the  factors  of  A^. 

Hence,  given  a  cubic  integral  equation  or  a  cubic  p-equation^ 
its  geometrical  properties  can  be  explained  by  means  of  a 
quadratic  integral  equation  and.  a  quadratic  p-equation. 

The  Cubic  family  of  Lines. 

§30.  This  family,  which  is  the  special  case  m  =  l,  gives 
interesting  illustrations  of  the  preceding  results,  some  of  which 
can  be  proved  more  easily  than  in  the  general  case. 

It  is  at  once  evident  that  the  envelope  is  a  unicursal  quartlc 
of  the  third  class,  that  is,  the  discriminant  is  a  tricuspidul 
quartic. 

The  relations  q/’a,  b  and  c  (figs.  9,  19). 

Sij  =  ac  —  h'\  is  a  conic  touching  a,  c  at  the  points  (a^),  (5c), 

c,  =  „  „  b,  d  „  (bc)^  (cd). 

Hence  the  conics  a  and  c  intersect  at  (5c),  and  at  three 
remaining  points  which  we  have  called  (Z/,  M,  N). 

b,  =  ad—bc^  is  a  conic  through  the  four  points  (a5),  (5J), 
(ccc),  (cZ)  j  and  from  the  identity 

5b  E  ca  +  ac 

we  see  that  it  passes  through  the  points  (L.  J/,  N).  Hence 
(iy,  J/,  N)  are  the  three  common  points  of  a,  b,  c,  i'.e.,  are 
fixed  points  of  the  Hessian  family,  and  from  what  w’e  have 
seen  above  (§  24)  are  the  cusps  of  the  tricuspidal  quartic. 
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The  conics  a,  b  and  c  are  then  specially  related  to  the 
complete  quadrilateral  formed  by  a,  c,  d.  If  a,  b  and  c 
are  chosen  arbitrarily,  no  corresponding  cubic  family  can,  in 
general,  be  found;  but  If  only  two  of  the  conics  are  given, 
the  family  (z'.e.,  c,  d')  can  be  determined  by  a  linear 

construction,  though  not  uniquely.  We  have,  in  fact : — 

Given  the  conics  a,  c,  four  families  are  determined.  For, 
at  any  one  of  the  four  intersections  of  a  and  c,  draw  the 
tangents  h  and  c  to  c  and  a  respectively  (fig.  9). 

Where  h  meets  a  again  draw  the  tangent  a, 


hence  a,  Z>,  c,  d  are  found,  and  since  we  might  have  started 
with  any  other  intersection  of  a  and  c,  four  different  families 
are  determined. 

There  is  an  exception  to  this  when  one  of  the  conics  is  a 
line-pair.  Suppose  c  is 

(i)  A  line-pair  with  its  dp  not  on  a.  In  this  case  we  must 
take  one  of  the  lines  as  h ;  the  tangents  where  it  meets  a  are 
a  and  c.  It  is  now  impossible  to  determine  d  so  that  c  may 
be  -  hd  —  d'  —  0. 

(ii)  A  line-pair  with  its  dp  on  a.  Here  one  construction 
is  possible ;  take  the  tangent  to  a  at  the  dp  as  c,  and  take  its 
harmonic  conjugate  with  respect  to  the  line-pair  as  h.  This 
determines  o,  the  tangent  at  the  remaining  intersection  of  h 
and  a,  and  since  o  =  \ld  —  c\  where  A,  is  a  constant, 
therefore  .the  family  is 

aD:^  +  4  ScQ.  4  X.&  =  0. 

Given  the  conics  a,  b,  four  quadrilaterals  are  determined. 
Choose  any  intersection  of  a  and  b,  and  at  this  point  draw 
the  line  a  touching  a.  This  meets  b  again  in  (acf  From 
this  point  draw  the  tangent  c  to  a.  The  join  of  the  points  of 
contact  of  the  two  tangents  from  (ac)  to  a  is  & ;  draw  b  meet¬ 
ing  b  in  (bd).  Then,  since  a  meets  b  in  (cd)^  d  is  found  by 
joining  (hd),  (cdi).  Hence  the  cubic  family  is  determined 
when  one  of  the  points  of  intersection  of  a  and  b  is  chosen, 
therefore  given  a  and  b  four  families  can  be  constructed. 

This  construction  holds  if  b  is  a  line-pair,  but  fails  if  a  is 
a  line-pair. 
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Given  a,  c,  f?,  every  line  of  the  family  can  he  found  by  a 
linear  construction  (6g.  9). 

To  show  this,  we  need  the  relations 

r,  Y=^aY  -vZ\  and  u  =  nx  ^  Y, 

Since  X'  =  a^l  +  5,  Y'  =  ^12  -}-  c,  we  see  that 

X'  and  Y'  intersect  on  a  and  X  is  tangent  to  a  at  (X'T'), 

F'  „  „  c  „  F  „  c  „  {Y'Z'). 


Now,  given  Oj  5,  c,  c?,  we  can  at  once  draw  a  and  c,  and 
tliese,  with  Y',  determine  X'  and  Z'.  Hence  the  construction 
is: — draw  any  line,  Y',  through  {be)]  the  tangents  to  a 
and  c  at  its  other  points  of  intersection  with  them  are  a  corre¬ 
sponding  X  and  Y. 

Now  U  =  QX^  Y, 
and  -  -f  Y  =  -  aiY  -  -  cf2 


+  ^I2‘  +  2cQ.  +  d 

=  -  X'a'^  + 

Hence  U  is  the  harmonic  conjugate  with  respect  to  JY,  Y 
of  a  line  joining  {XY)  and  {X'Z')^  and  can  be  found  by  a 
linear  construction.  This  construction  fails  when  Y'  passes 
through  a  common  point  of  a  and  c,  that  is,  at  a  cusp  on  A. 


The  Discriminant. 

§  31.  We  have  here  found  a  linear  construction  for  A  =  0, 
the  tricuspidal  quartic  which  is  the  envelope  of  U.  The 
different  forms  of  A  are  shown  in  figs.  9,  19,  and  20.  Since 
it  is  the  locus  of  intersections  of  corresponding  tangents  of 
a  and  c  it  lies  entirely  outside  both  these  conics.  There  is 
only  one  way  in  which  it  can  degenerate,  viz.  into  a  cuspidal 
cubic  and  a  line  (fig.  20),  for  any  other  kind  of  degeneration 
W’ould  alter  the  class.  In  this  case  two  of  the  points  Z,  M 
come  together,  and  the  line  must  be  the  inflexional  tangent 
to  the  cubic  at  this  point.  The  line,  P=0,  say,  is  a  P.I., 
and  by  a  linear  transformation,  such  as  that  used  above  in  the 
quadratic  family,  we  can  make  it  the  P.I.  for  the  value  12,  =  go  . 

The  equation  then  becomes 

PiV  +  3\P12"  +  ScO  +  c/  =  0 

where  \  is  any  constant. 
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We  have 

a  =  P  (c  —  X’P),  b  =  P  ((7  —  Xc),  c  =  \Pd  -  P ; 

A  =  P  {P  (fixed  -  4 WP  +  3XV  -  d^)  -  4P) ; 

showing  that  P  Is  the  Inflexional  tangent  at  (Pc)  to  the  cubic. 
A  similar  result  holds  It'  one  of  6,  c  is  absent. 

Ex.  21.  U  =  -I- +  a;  +  +  1  =  0.  Fig.  20, 

n  =  xyQ-  +  X  {x  +  2^'—  V)  Q  —  t/^  =  0, 

A  =  a;  +  4a'_y-  +  Ay^  —  2x^  —  Axy  +  x), 

=  2x^  +  3x^y  +  Axy-  +  2y^  —  3x^  —  xy  -h  x  =  0. 

The  discriminant  has  split  up  into  a  cuspidal  cubic  and  the  P.L  x  =  0.  The  two 
points  L,  J/  have  come  together  at  the  origin  and  at  an  inflexion  on  the  envelope. 

The  Hessian  Family. 

§  32.  This  Is  a  quadratic  family  of  conics  with  three  fixed 
points  P,  If  N.  It  has  therefore  contact  with  A  at  only  one 
point,  namely  the  point  at  which  the  corresponding  U 
touches  A. 

The  equation  H  —  0  may  be  written 

(aI2  4-  d)  (cf2  4-  c?)  =  (^12  4-  c)’, 

i.e.  X'Z'=Y'^-, 

which  shows  that  H  touches  A',  P"  at  the  points  (A'W), 

(  Y'Z'). 

At  a  cusp  on  A,  P,  say,  A',  Y\  Z'  pass  through  one 
point,  viz.  P,  and  therefore  H  degenerates  to  a  line-pair  with 
its  dp  at  P.  But  H  always  passes  through  M  and  A,  there- 
lore  in  this  case  consists  of  the  lines  LM  and  LN. 

The  Cahico variant  Family. 

§  33.  This  Is  a  cubic  family  of  cubics  with  three  fixed 
tangents,  for  every  curve  touches  the  cuspidal  tangents  of  A 
at  P,  ii,  N.  This  accounts  for  nine  of  the  intersections  of  the 
cubic  and  the  quartic.  The  remaining  three  come  together 
at  a  node  on  4>,  with  one  branch  touching  A  where  the  corre¬ 
sponding  U  and  H  curves  touch  it  (P,  fig.  J 1),  e.g.  the 
curve  a  given  by  12  =  co  touches  a  at  (a^)  and  has  a  dp 
there ;  it  passes  through  P,  If  N  and  touches  the  cuspidal 
tangents  at  these  points  ;  (bd)^  another  intersection  of  b  and  b, 
is  another  known  point  on  a',  that  is  we  know  enough  to 
completely  determine  the  curve,  provided  the  tangents  at 
P,  iif,  iV  are  known.  These  tangents  are  concurrent,  there¬ 
fore  two  suffice  to  determine  the  third.  Similarly  for  d' . 

YUL.  XXYin.  A  A  X 
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It  has  already  been  pointed  out  that  a  combination  of 
envelope  and  node-locu&  cannot  occur  in  a  quadratic  family, 
lienee,  though  in  general  an  envelope  of  corresponds  to  an 
envelope  of  FH  and  a  node-locus  of  F^  to  a  node-locus  of  FH^ 
yet  in  the  special  case  in  which  the  envelope  and  node-locus- 
of  F^  coincide,  their  loc^ts,  A,  divides  out  from  the  equation 
of  the  Hessian  of  that  is, 

There  is  a  similar  reduction  in  H  for  the  case  of  other 
combinations  of  loci  and  for  loci  of  higher  singularities,  but 
this  particular  reduction  occurs  in  every  cubicovariant  family. 

We  have  proved  that  ^  touches  each  cuspidal  tangent  of  A 
and  has  a  dp  at  the  point  of  contact  of  U  and  A  with  U  as 
tangent,  therefore,  as  U  moves  up  towards  the  cusp  the  dp 
approaches  the  cusp,  and  the  two  tangents  at  the  dp  tend 
to  coincide  in  direction.  Ultimately,  when  U  becomes  the 
cuspidal  tangent,  the  dp  on  has  become  a  cusp  with  U  as 
tangent  (Fig.  20).  This  is  easily  seen  from  a  diagram. 

Ex.  22.  JJ  =  {x~  y +  1)  Q  {x  + y)  Q +  dx  + —  l  —  d.  Fig.  11, 

H  =  —  2  {x^  +  y"^  —  X  —  y)  —  (a:^  +  ^xy  +  4^^  —2x  —  by+\)Q 

+  2  (a:^  —  2y'^  —  a;)  =  (7,. 

A  —  —  {x^  +  y"^  ~  X  —  y)  (a;^  —  2y^  —  x)  —  (a;*  +  Bxy  +  4y2  —  2a;  —  5y  +  1)^ 

a'  —  4>oo  =  —  7a;^  +  2x~y  —  Ixy^  —  4y^  +  lx-  +  Sxy  +  9y^  —  x  —  6u  +  1  =  0, 

a  node  at  (a5),  the  point  (0, 1)  which. is  the  point  of  contact  of  TJ^  and 
and  one  branch  touches  (Point  P,  Fig.  11).  also  touches  the  cuspidal 
taaigents  of  A  at  L,  J/,  N, 


The  Cubic  family  of  Conics. 

§  34.  This  is  most  easily  investigated  by  referring  to  the 
cubic  family  of  lines.  The  arrangement  of  special  points  in 
the  family  of  lines  shows  the  position  and  relation  of  groups 
of  points  in  the  family  of  conics. 

Relations  of  a,  b,  c. 

Since  a,  c,  d  are  conics,  a,  b,  c  are  quartics,  therefore 
a,  c  have  16  points  in  common ;  b  passes  through  all  these 
points  except  the  group  (<^c),  that  is,  a,  b,  c  have  12  common 
points,  and  therefore  the  Hessian  family  has  12  fixed  points, 
which  we  take  in  groups  of  four  and  call  (L,  il/,  N). 

This  follows  from  the  relation 
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which  shows  that  b  form  a  degenerate  sextlc  through 
16  points  (ac),  made  up  of  4  points  (Jc),  and  12  points  ; 

8  „  contacts  of  a,  a ; 

and  of  4  points  {c(i),  contacts  of  c; 

4  ,5  («c). 

Of  these  points  only  {ah')  and  (ho)  lie  on  5,  hence  b  passes 
through  all  the  remaining  ones,  and  from  its  equation  we 
know  it  passes  through  the  16  points  (a&),  (ac),  (hd)  and  {ed)  ; 
that  is,  b  passes  through  the  12  points  (Zr,  il/,  N)  and  the 
16  points  (a^),  (ac),  {bd)  and  {cd) — 28  known  points. 

In  this  family  it  is  not  in  general  possible,  as  it  was  for 
the  family  of  lines,  to  find  a,  o,  c?,  given  a  and  c.  For  an 
extension  of  the  construction  given  in  that  case  requires  us 
to  draw  a  conie,  touching  a  quartic,  c,  in  four  points,  which 
cannot  in  general  be  done.  {Similarly,  given  a  and  b,  no 
construction  is  possible. 

The  Discriminant  (figs.  21,  22). 

§  35.  This  is  seen  from  its  equation,  A  =  4ac  —  b*  =  0  to 
be  an  8-ic,  touching  a  at  four  intersections  of  a  and  b,  and 
touching  c  at  four  intersections  of  b  and  c.  It  has  12  cusps 
at  the  points  (Z,  il/,  N)  common  to  a,  b  and  c.  Every  conic 
of  the  family  touches  A  at  the  four  intersections  of  the  corre¬ 
sponding  X  and  Y.  This  accounts  for  8  out  of  the  16  inter¬ 
sections  of  the  conic  and  A,  therefore  every  conic  must  cut 
A  at  8  points. 

The  Hessian  Family. 

§  36.  Supposing  for  the  present  that  FU  has  no  singu¬ 
larities  or  combinations  of  loci  that  cannot  occur  in  a  quadratic 
family,  and  therefore  that  a,  b  and  c  have  no  common  factor, 
the  Hessian  is  a  quadratic  family  of  quartics,  having  the  12 
points  (Z,  Zf,  N)  which  are  common  to  a,  b,  and  c,  as  fixed 
points,  and  therefore  in  general  having  no  other  fixed  point. 
Each  curve  has  16  points  of  contact  or  quasi-contact  with  A  ; 
12  of  these  points  being  at  the  cusps,  the  remaining  4  being 
the  4  points  of  contact  of  the  corresponding  curve  of  FU  with 
A. 

Again,  since  the  equation  of  H  may  be  written 

A'Z'  =  Y'\ 
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JI  touclies  X'  and  Z'  at  all  the  points  where  Y'  meets  them, 
i.e.  at  four  points  each. 

The  curve  of  the  Hessian  Family  at  a  cusp. 

We  have  already  shown  24)  that  if  a  particular  curve 
U^r=z{)  passes  through  one  cusp  it  will  pass  through  four,  see 

in  fig.  21,  and  at  each  of  these  points  U  =  0,  considered  as 
an  equation  in  12,  will  be  a  perfect  cube  (12  —  w)^  At  any 
one  of  these  four  cusps  then  X  and  Y  will  be  perfect  squares 
in  12  -  w,  that  is,  the  X  and  Y  corresponding  to  U  intersect 
at  the  four  cusps  through  which  U  passes.  Again,  since  X 
and  Y  are  perfect  squares  in  12  —  w  at  each  cusp,  the  X\  Y\ 
and  Z'  at  the  cusp  will  be  given  by  the  same  value  Qi  =  co, 
and  will  intersect  at  each  of  the  cusps;  therefore  the  particular 
X\  Y\  and  Z'  corresponding  to  any  particular  cusp  have 
four  points  in  common,  viz.  the  four  cusps  of  A  which  lie  on 
the  TJ  determined  by  the  cusp  chosen. 

Returning  now  to  the  equation  of  the  Hessian  family, 

X'Z'  =  Y^\ 

we  see  that  these  four  common  points  of  X\  Y\  and  Z'  must 
be  dps  on  the  corresponding  curve  of  AAT,  and  this,  being 
a  quartic  with  four  dps,  must  degenerate  to  (i)  a  line  and  a 
nodal  cubic,  or  (ii)  two  conics. 

In  case  (i)  three  of  the  dps  are  on  a  line  and  this  line  must 
therefore  form  part  of  each  of  the  conics  A',  H',  Z'  therefore 
part  of  the  corresponding  Z7,  that  is,  the  line  is  part  of  a  P.I, 
Our  result  then  is : — 

The  particular  curves  of  FU  and  FH  which  correspond  to 
a  particular  cusp  on  A  also  pass  through  three  other  cusps.^  and 
the  quartic  curve.^  ^=0,  has  dps  at  each  of  the  cusps  and 
therefore  degenerates  either  into  two  conics.,  or  into  a  nodal  cubic 
and  a  line.  In  the  latter  case  the  line  is  a  P.I. 


Ex.  23.  r  =r(a;2+2/2-2)  Q3  +  3^a;2-/-l)C22+6(^2_i)Q  +  a;2  +  ^2_4_0, 

Fig.  21, 

U  +  +  yA  _  3^  Q2  +  (^4  +  3^4  _  4^.2  _  6^2  +  6)  Q 

+  —  5y*  +  1 1^2  _  53j2  _  0^ 

A  =  4  (—  +  4jrij-  T  4-  3)  {x^  —  6^*  -f  1 1  ?/2  _  ox-) 

—  +  oy^  —  4x2  —  6^2  0  _ 

ri  =  5(x2  +  ^2_3)^0. 

Tins  cnvve,  is  the  conic  passing  through  the  four  cusps  N,  and  touching  the 
cuspidal  tangents. 

i7,  =  {2x2  +  2  (2  +  Jo)  -  9  -  3  Jo}  {2x2  +  2  (2  -  J5)  ^2  _  9  +  3  =  q. 

Thus  the  corresponding  curve  of  FTI  splits  up  into  two  conics,  one  through  the 
cusps  M  and  A',  the  other  through  the  cusps  L  and  N. 
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Ex.  24.  i^-(a;2-2/  +  l)Q3  +  3(a;2_2/2jQ2  +  3(a.2  +  ^2_i)Q_8/  +  2  =  0. 

Fig.  22, 

II-  {x^f  -  +  %if  - '!)  Q2  +  (_  a:*  -  +  \lif  +  Sx^  -  13^2  +  2)  Q 

—  (x*  +  10x27/2  _  7^4  _  4x2  +  1)  =  0, 

A  =  4  (x2^2  _  3^4  _j_  3^2  _  ^3.4  _|_  10x2^2  _  7^4  4a;2  4.  1) 

+  {x*  +  8x2?/2  -  I7y*  -  3x2  +  43^2  _  2)2  -  0. 

In  this  example  the  cusps  3f,  iV  are  imaginary;  and  there  is  a  dp  on  A  at  the 
origin.  The  U  and  II  at  this  point  are 

Z7,  =  7x2  _  40y2  — 

//,  =  2x*  +  17x2y2  _  21y^  -  7x2  +  40/  -  0. 

A  complete  investigation  of  the  different  exceptional  cases 
that  can  occur  in  the  cubic  family  of  conics,  e.^.,  of  the 
occurrence  of  fixed  points,  P.l.’s,  line-pairs,  &c.,  is  not  attempted 
here.  Since  a  family  of  conics  cannot  have  a  locus  of  triple¬ 
points,  nodes  or  cusps,  any  common  factor  of  a,  b  and  c  must 
be  either  an  osc-envelope  or  a  P.I. 

Families  of  cubics,  quartics,  &c.,  can  be  investigated  in 
the  same  way,  and  some  examples  have  already  been  given. 

IV.  The  Quartic  Family. 

Notation. 

§  37.  The  principal  invariants  and  covariants  of  the  quartic 
family  may  be  found  In  Professor  Cayley’s  Fifth  Memoir  uqoon 
Quantics  (Collected  Papers,  Vol.  Ii.,  No.  156,  §  128). 

(1)  The  general  Integral  equation  is 

U=  ali"  +  4^12"  +  +  ida  +  e  =  0, 

where  a,  &,  c,  d^  e  are  algebraic  functions  of  a",  y. 

(2)  To  simplify  the  analysis  and  to  bring  out  the  connection 
with  the  cubic  family,  it  is  convenient  to  write 

a  =  ac  — 

b  =  ac?  —  5c, 

Q,  —  Id  — 

d  =  5e  -  cdy 

e  =  ce  —  d'^, 

and  g  =  ae  —  c‘^ 

We  then  have  the  quadrinvariant 

l^ae  —  ihd  +  3c’  =  g  —  4c. 
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(3)  The  cubinvarlant 

J  =  ace  +  2hcd  —  ad^  —  hd  —  d  = 


d 

c,  d,  e 

Since  e  is  the  minor  of  a  in  this  determinant,  d  the  minor 
of  b,  and  so  on, 


a. 


We  have  therefore 


e,  d,  c 
d,  g,  b 
c,  b,  a 


J  —  ae  -  M  -r  cc 

=  —  5d  +  eg  —  cZb 
=  —  cc  —  c?b  4-  ea, 

and  ac  —  ^b  +  ca  =  0,  &c. ; 

also  cJ=2iQ  —  c^, 

a/  £=  ag  —  b^, 
eJ=e^  —  d^ 


(4)  The  Hessian  is  the  quartic  family, 

H  =  aI2‘‘  +  2b£2^  +  (g  "f  2c)  12^  +  2dH  +  e  =  0^ 

(5)  The  cubicovariant  is  the  sextic  family, 

*  =  (a,  V,  o',  d',  e, /',  g’)  (a,  1)®  =  0, 
where  a'  =  —  ab  +  25a, 

h'  =  —  ag  —  2ac  +  6ca, 
c  ~  —  5ad  +  lOcZa, 
d'  =  10  (—  ae  +  ea), 

e  =  5eb  —  105e, 
f  =  eg  +  2ec  —  6ce, 
g'  =  ed  —  2dQ. 

(6)  The  12-dlscriminant  is 

A  =  r  -  27  J\ 


differential  equations  of  the  first  order. 


3G7 


It  should  be  noticed  that  the  discriminant  is  the  same  as 
that  of  Euler’s  cubic,  except  as  to  a  power  of  a. 

(7)  The  first  derived  functions  are 

X  =  +  3cO  4  =  0, 

and  Y  —  +  3cI2'  4  BdQ.  4  e  =  0. 

Let  X'  =  aD^^  4  ‘2  M2  4  c, 

Y'  =  4  2cf2  4  dj 

Z'  =  cf2*  4  2da  4  e. 

Hence  Z7=XI2  4  X=  0, 

U=X'Lr  +  2Y'a  +  Z'=^0. 

It  is  convenient  to  call  the  envelope  of  X,  which  is  a  cubic 
family,  ;  and  that  of  X, 

(S)  The  general  j^-equation, 

V'  =  Aff  4  YBff  4  6  Cff  4  4  X  =  0, 

dU 

is  the  eliminant  of  ^2  between  the  equations  TJ=  0  and  —  =  0. 

Using  (abf)  to  denote  ab^  —  the  required  eliminant 
is  (see  Salmon’s  Higher  Algebra^  §  84) 

+  P  (pK),  («0  +  P  («C„)  J 

(«0  +  P  +  P  (H)  +  P  (*<’!-)> 

(“O  +  P  (««'„))  (««J  +  Q>d^)  +  P  (««„)  +P  (b'ly), 

(aej  +  p  (ae„),  (JcJ  +  P  {P<^y)  , 

Hence  A=  (ah^),  (ae^),  (ad^),  (aej) 


•  •  •  ft  •  •  ft 


...  , 

...  , 

...  , 


ft  ft  ft  y  ft  ft  ft 

ft  ft  ft  y  ft  ft  ft 

ft-  ft  ft  y  ft  ft  ft 


B  =  &c. 


General  Properties  of  a,  b,  c,  &c. 

§  38.  Owing  to  the  resemblance  in  form  betw^een  the 
H  essian  and  cubicovariant  of  the  quartlc  and  those  of  the 
cubic,  many  of  the  results  proved  for  the  cubic  family  can  be 
extended  at  once  to  the  quartic  family. 
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It  will  be  noticed  that  a,  b,  c  are  tlie  same  functions  of 
a,  b,  c,  d  as  in  the  cubic  family,  therefore  the  results  proved 
above  hold,  and  a,  b,  c  have  Znd  common  points.  By  sym¬ 
metry  the  same  thing  follows  for  c,  d,  e. 

Again,  b,  g,  d  have  points  in  common  ;  for,  looking 
at  the  expressions  for  »/, 

o  J  =  ag  —  b’, 
eJ  =  eg  —  d’, 

we  see  that  J  touches  g  at  all  Its  intersections  witli  b,  except 
(ac),  f.e.,  at  points ;  and  at  all  its  intersections  with  d 
except  (6c),  f.e.,  at  points.  But  J  is  a  3w2-ic  and  g  a 
2r'2-ic,  therefore  J  cannot  touch  g  in  more  than  Ziri^  points 
altogether ;  hence  the  intersections  of  b  with  g  must  be  the 
same  as  the  intersections  of  d  with  g,  f.e.,  b,  d  and  g  have 
Ziid  common  points. 


The  Discriminant. 


§39.  From  the  equation  A  =  we  see  that  the 

discriminant  has  cusps  at  all  the  Intersections  of  I  and  J,  that 
is,  at  points.  It  lies  in  the  region  where  I  is  positive, 
therefore  all  the  cusps  lie  on  the  positive  side  of  I  and  touch 
J.  The  discriminant  is  a  6??2-ic. 

Corresponding  curves  of  FU  and  FH  touch  the  common  part 
of  their  envelope  on  opposite  sides  at  the  same  point. 

When  Z7=  0  has  a  pair  of  equal  roots,  H  =  0  has  the  same 
pair  of  equal  roots,  hence  it  can  be  seen  at  once,  as  in  the 
cubic  family,  (§  25,  p.  349)  that  corresponding  curves  of  FU 
and  FH  touch  their  envelope  at  the  same  point.  We  must 
now  determine  whether  they  touch  on  the  same  side  or  not. 

We  know  (Salmon,  Higher  Algebra^  p.  297)  that  at  every 
point  in  the  region  where  A  is  negative  C/  =  0  has  two  real 


and  two  imaginary  roots  in  ^2; 


and  since  ^H= 


J=A 


the 


discriminant  of  H  has  the  same  sign  as  A,  therefore  H=0 
has  two  real  and  two  Imaginary  roots  in  Q  at  every  point  of 
the  region  A  negative.  At  every  point  of  the  region  A 
positive  U=0  may  have  four  real  roots  or  four  imaginary 
roots,  and  similarly  for  H  =  0.  Now  consider  a  point  on 
A  =  0.  U=  0  has  two  equal  roots  and,  by  a  linear  trans¬ 
formation,  w^e  can  make  these  12  =  go  .  d’ake  the  point  as 
origin  and  the  tangent  to  the  curve  at  this  point  as  axis  of  x. 
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differential  equations  of  the  first  order. 


Then  as  in  the  cubic  family  27)  the  equations  become 

\ 

^  +  ...)  ^*  +  ^  +  ^dJ  +  ^0^’"  +•••) 

+  6  (Cq  +  c^x  +  c^y  + . . .)  12“^  +  4  (d^  +  d^x  +  d^y  + . . .)  12 

-f  0g  +  e^x  +  e^y  +...=  0, 

^  =  [^AV  +  ~  +•••}  ^^  +  2  (-  h^c^x  +...) 

+  (-  3c/  +  +  a^e^y  ■V’2  +  l^e^x  -f . . .) 

"I*  ^0^0  ~  ^0  *bC  )^^?+***=0. 

The  remaining  two  roots  of  Z7  =  0  at  the  origin  are  given 
^7 

6Cq  *  +  4^7^J^2  +  e^  =  0, 

and  the  remaining  two  roots  of  0  by 

-  3c/X2’  -  2cfi^n  +  c„e,  -  dj  =  0. 


The  roots  of  U=0  are  real  or  Imaginary  according  as 
2d^  —  '6c^e^  is  positive  or  negative,  and  the  roots  H—0  are 
real  or  imaginary  according  as  2c?/  —  is  negative  or 
positive. 

Hence  when  the  remaining  roots  of  17=0  are  real,  those 
of  are  imaginary;  and  when  the  remaining  roots  of 

Z7=0  are  imaginary,  those  of  7?=0  are  real. 

Now  a  pair  of  real  roots  changes  from  real  to  Imaginary 
in  passing  through  a  point  where  the  values  are  consecutive 
(Note  §  24),  therefore  we  have  the  scheme 

A  negative  A  =  0  A  positive 

( ?7  2  real  roots  U  4  real  roots  TJ  4  real  roots 

2  „  „  H2  „  „  H  no  „  „ 


U  2  real  roots  U  2  real  roots 

S2  „  „  „  „ 


U  no  real  roots 


5^4 


?? 


In  the  first  case  It  is  clear  that  U  touches  A  on  the  positive 
side,  H  touches  it  on  the  negative  side,  and  there  are  no 
curves  of  FH  in  the  positive  region  ;  in  the  second  case  U 
touches  A  on  the  negative  side,  H  touches  it  on  the  positive 
side,  and  there  are  no  curves  of  FUm  the  positive  region. 

The  shape  of  •U^  =  0  (a  =  0)  at  the  origin  is 


V  +  ^“a:"  =  0; 

a. 


YOL.  XXVIII. 


B  B  B 
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the  shape  of  =0  (a  =  0)  at  the  origin  Is 


;/  + 


x“ 


and  the  expression  for  a\  i.e.^  for  is  exactly  the  same  as 
for  the  cubic  family,  henccj  as  before,  the  shape  of 
at  the  origin  is 


therefore  ^  touches  II  and  Z7,  and  lies  between  them.  It  can, 
moreover,  be  easily  shown  that  A  lies  between  H  and  and 
that  the  order  in  which  the  curves  are  arranged  is  A,  H, 

The  similarity  of  the  equations  enables  us  to  state  for  tho 
quartic  family  the  following  results  already  proved  for  the 
cubic  family. 

Every  curve  of  has  a  node  on  the  envelope  with  one 
branch  touching  the  envelope  and  the  corresponding  curves  of 
FU  and  FII\  the  curves  <l>  and  U  lie  on  one  side,  and  H  on 
the  opposite  side  of  the  envelope  (§  27). 

The  Hessian  has  a  crunode  where  the  corresponding  curve 
of  the  cubic  family  has  an  acnode,  and  conversely  (§  25). 

The  Hessian  and  the  corresponding  curve  of  the  cuble 
family  have  cusps  at  the  same  point,  having  the  same  tangents 
but  turned  opposite  ways  (§  25). 

Two  curves  of  FH  touch  J=0  at  evert/  jwint. 

is  a  factor  of  the  discriminant  of  //,  and  since  FH  has 
not  necessarily  a  node-locus  (c/>.  the  quartic  family  of  lines, 
in  which  FH  Is  a  non-degenerate  family  of  conics  and  cannot 
have  a  node-locus)  and  J cannot  be  a  P.I.  for  the  family  Zr=  0, 
J  must  be  an  envelope  twice. 

In  the  region  A  positive  we  may  have  (i)  four  imaginary 
curves  of  FH  through  every  point  on  each  side  of  and 
therefore  J^has  contacts  with  imaginary  curves;  (il)  four  real 
curves  of  FH  through  every  point,  on  one  side  of  J  and  no 
real  curves  on  the  other  side  ;  we  cannot  have  four  real  curves 
of  FH  on  each  side  of  tZ,  for  that  would  necessitate  six  curves 
through  a  point  on  J,  w’hich  is  impossible. 

The  region  in  which  A  is  positive  and  all  curves  of  FU 
and  FH  ei'e  imaginary  must  be  bounded  by  t/,  for  it  has 
already  been  shown  that  we  cannot  get  to  such  a  region  by 
crossing  A.  The  arrangements  are  as  shown  In  figs.  23,  24, 
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wliich  are  diagrammatic,  not  giving  the  actual  appearance, 
but  Indicating  the  sides  on  which  the  different  curves  touch. 

At  the  intersections  of  i  and  J  the  Hessian  curve  has,  in 
general,  a  double  'point. 

If  we  have  simultaneously  /=0  and  .7=0,  then  three  of 
the  roots  of  the  quartlc,  ?7=  0,  are  equal  (see  Cayley,  l.c., 
§§  143,  146).  In  this  case 

487r=  —  ^^(ce)^  —  (of  [2  (fl  —  (of  +  (12  —  (li  — 

that  is,  two  of  the  roots  of  i/  =  0  are  equal,  and  the  other  two 
imaginary.  I^ow  an  intersection  (U)  is  a  cusp  on  d  =  0  with 
its  concavity  turned  towards  the  negative  region  of  A ;  hence 
in  passing  through  a  point  (U)  we  pass  from  a  region  where 
two  roots  are  real  through  a  point  where  two  roots  are  equal 
to  a  region  where  again  two  roots  are  real,  therefore  the  two 
equal  roots  must  be  coincident,  not  consecutive,  that  is,  only  one 
real  curve  of  HH  passes  through  the  intersection  (IJ)  and  this 
has  a  dp  there.  For  the  case  of  the  family  of  lines  this  proves 
that  the  Hessian  curve  at  (7*7),  being  a  conic,  is  degenerate. 

If,  however,  at  an  intersection  of  I  and  J  four  roots  of 
(7=0  are  equal,  then  71=  0,  that  is,  a  =  0,  b  =  0,  g  +  2c  =  0,  &c. 
t.e.,  all  the  curves  of  FH  pass  through  the  point  (see  Ex.  25, 
where  all  the  curves  of  FR  pass  through  the  points  7',  M'), 

The  Quartic  Family  <f  Lines. 

§  39.  In  this  family  a,  b,  c,  &c.,  are  conics. 

The  quadratic  family  aO'^  +  bf2  +  c  =  0,  is  the  Hessian  of 
the  family  X,  =  +  3cfl  +  7=0,  and  the  three  com¬ 

mon  points  of  a,  b,  c  are  the  cusps,  (7,  il7,  N)  of  A^,  =  4ac  —  b*, 
=  0.  Similarly,  +  d£i  +  e  =  0  is  the  Hessian  of 

F,  =  512"  +  3cl2*  +  3712  +  e,  =  0 

and  c,  d,  e  have  three  common  points  which  we  may  call 
(7',  M\  N'). 

7=  0  is  the  conic  g  —  4c  =  0. 

7=0  is  a  cubic  touching  a  at  tlie  three  points  (7,  il7,  N) 
and  e  at  the  three  points  (7',  M' ,  N').  This  follows  from  the 
equations 

c7=  ae  —  c®,  &c. 

Also  J  lies  in  the  regions  where  a  and  c  have  the  same  sign. 

The  Discriminant. 

A,  =P~21J\  =0,  being  the  envelope  of  a  family  of 


372 


3Iiss  ]\Laddison^  On  stnyalar  solutions  of 


lines,  is  a  unicursal  sextic  of  class  4.  From  its  equation  we 
see  that  it  has  six  cusps  touching  e/  =  0  at  the  six  intersections 
(//),  hence  it  must  have  four  dps,  three  dts  and  no  inflexions. 
It  lies  entirely  on  the  positive  side  of  i  =  0. 

A  linear  construction  for  the  discriminant  is  easily  found 
from  the  theory  of  the  cubic  family. 

We  know  that  X\  =  +  2^0  +  c,  =  0,  Is  a  tangent  to  a 

and  F'  =  0  Is  the  corresponding  tangent  to  c.  The  inter¬ 
section  of  X'  and  Y'  lies  on  A,,  the  envelope  of  X,  and  since 
A",  —X'^+  Y\  =  0  is  the  tangent  to  A,  at  the  point  (X'F') 
it  can  be  drawn  at  once;  similarly  the  corresponding  Y  can 
be  drawn.  But  the  corresponding  X  and  Y  intersect  on  the 
required  sextic,  hence  the  sextic  can  be  drawn. 

Ex.  25.  £7=(2a;-l)Q<  +  4(a!+y)a«+6^Q2  +  4(a;-2/)Q-2a;-l  =  0.  Fig.  25 
I  =  — 8a;2  + 1, 

J  -  (2a;2 -- 2/2  +  2/), 

A  =  (-  8a;2  +  If  +  1)*  -  27  (2x2  -  2/2  +  yf  (St/  +  1)» 

A  =  0  is  a  tinieursal  sextic  of  class  4.  It  has  two  cusps  L,  M  at  the  points 
(—  1,  —  1),  (1,  —  1) ;  singularities  equivalent  to  two  cusps  and  a  dp  at  each  of  the 
points  L\  M',  where  I  passes  through  a  dp  on  J  j.  and  dps  at  N,  N',  making  six 
cusps  and  four  dps. 

The  Hessian  at  the  cusp  31  splits  up  into  the  two  lines  3IL',  3131'.  All  the 
Hessian  curves  pass  through  the  points  L',  3V . 

Ex.  26.  ?/=  (x  +  2/  +  2)  +  4  (x  —  2/  +  1)  0^  +  62/Q2  —  4  (x  +  y  —  1)  12 

—  X  +  y  +  '1  =  0.  Fig.  26; 

J  =  B  (x2  +  4y), 

J  =  Ox^y  +  \2y  —  4, 

A  =  27  {(x2  +  4yY  -  (-  9x2?/  +12^-  4)2}. 

The  form  of  the  sextic,  A  =  0  is  shown  in  the  diagram.  At  the  point  P  the 
curves  a  and  a  touch  A  on  opposite  sides.  There  is  a  region  bounded  by  /=0  in 
which  there  are  no  real  curves  of  FU  or  FII. 


Summary, 

§40.  We  close  the  discussion  with  the  qnartic  family  of 
lines.  To  proceed  further  by  the  methods  used  above,  and 
to  give  examples  would  involve  very  troublesome  analysis. 
It  is,  however,  easy  to  see  how  the  investigation  would 
proceed. 

We  have  sliown  that  the  family  of  curves  represented  by 
the  general  rational  integral  algebraic  equation  of  the 
degree  in  one  arbitrary  parameter  12,  which  has  as  coefficients 
algebraic  functions  of  a*,  2/,  has  in  every  case  an  envelope. 
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differential  equations  of  the  first  order. 

Tills  envelope  is  the  common  factor  of  the  12- discriminant  of 
the  integral  equation  and  the  ^-discriminant  of  the  corre¬ 
sponding  differential  equation.  Tlie  remaining  factor  of  the 
^^-discriminant  is  the  square  of  the  tac-locus. 

If,  however,  the  12-equatIon  Is  specialised.^  two  or  more 
branches  of  the  envelope  may  coinelde  and  become 

(i)  the  locus  of  a  singularity, 

(II)  a  P.T.,  i.e.  branches  of  two  or  more  distinct,  coincident, 
or  consecutive  curves  of  the  family. 

In  either  case  one  or  more  branches  of  the  tac-locus  will 
coincide  with  the  coincident  branches  of  the  envelope. 

By  considering  the  number  of  curves  and  of  branches  of 
curves  through  every  point  of  tlie  plane,  we  have  found  a 
limit  to  the  order  and  nature  of  the  singularities  whose  loci 
can  occur  in  any  particular  family,  also  to  the  combinations 
of  loci  which  can  occur.  The  number  of  fixed  points  which 
can  occur  in  the  family  has  been  found,  and  the  order  of  the 
singularity  on  the  envelope  which  corresponds  to  a  fixed 
point  of  the  family  is  given. 

It  is  next  proved  that  the  number  of  contacts  of  each 
curve  of  the  family  with  its  envelope  depends,  in  general, 
only  on  the  degree  of  the  curves  of  the  family,  not  on  the 
value  of  n. 

The  quadratic  family  of  curves  is  then  discussed  In  detail, 
and,  from  our  knowledge  of  the  singularity-loci  and 
forms  of  P.I.’s  which  can  occur  as  factors  of  the  il-discrl- 
niinant,  &c.,  it  has  been  found  possible  to  extend  Professor 
Casorati’s  table  so  as  to  show  at  a  glance  the  geometrical 
function  of  any  factor  of  the  12  and  ^^-discriminants. 

In  the  cubic  family  we  first  meet  with  some  covariants  of 
the  X2-equation,  namely,  the  Hessian  and  cubicovarlant.  It 
is  easily  proved  that  the  Hessian  family  and  the  original  cubic 
family  have  the  same  X2-dIscriminant,  and  that  the  factors  of 
this  have  the  same  functions  in  each  family.  Now  the  Hessian 
is  a  quadratic  family,  consequently  cannot  have  singularities 
and  combinations  of  loci  of  so  high  an  order  as  the  cubic 
family.  It  has  been  shown  that  these  higher  singularity-loci 
and  combinations  of  loci  appear  as  factors  which  divide  out 
\vhen  the  Hessian  family  is  formed.  By  means  of  this  the 
geometrical  functions  of  the  factors  of  the  discriminants  of  the 
cubic  family  can  be  determined. 

8Ince  the  Hessian  of  the  quartic  family  is  Itself  a  quartic 
family,  the  discussion  of  it  does  not  prove  so  useful  in  simplb 
fylng  the  determination  of  the  geometrical  properties  of  the 
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il-discriminant.  It  lias  however  been  shown  that  the  geome¬ 
trical  relations  of  the  Hessian  and  cubicovariant  to  the  original 
family  are  the  same  both  for  the  cubic  and  quartic  families, 
and  it  seems  clear  that,  in  the  case  of  the  Hessian,  this  must 
hold  for  the  family  of  the  degree.  The  proof  of  this,  and 
possibly  an  investigation  of  other  invariants  and  covariants, 
are  left  for  another  time. 

Bryn  Mawr  College, 

Pennsylvania, 

ISei)ttinhei\  IBM. 


Note. 

Since  the  above  was  written  an  article  on  the  earlier  part 
of  the  same  subject  has  appeared  in  the  Giornale  di  maiema- 
tiche  di  Battaglini.^  Vol.  xxxiii.  (ii.  of  2nd  Series),  pp.  31—* 
56,  183 — 209,  entitled  Sulle  solutioni  singolari  delle  equazioni 
differenziali  ordinarie  di  1°  ordine.” 

The  author,  Lia  Predella,  gives  an  account  of  the  literature 
of  the  subject,  discusses  Mr.  Workman’s  treatment  of  the 
supei position  of  loci,  investigates  the  equation  of  the  first 
degree  in  ju,  and  deals  with  the  quadratic  family  and  a  simpli¬ 
fied  form  of  the  cubic  family  by  Casorati’s  methods.  The 
discussion  is  hardly  satisfactory ;  for  instance,  there  is  an  error 
in  the  treatment  of  P.L’s  in  the  quadratic  family  on  p.  195, 
where  the  writer,  taking  li  as  a  factor  of  A,  says,  “  suppose 
that  h  does  not  divide  any  of  the  three  functions  a,  c\  then 
^  =  0  is  not  a  solution.” 

That  h  —  0  may  be  a  P.L  in  this  case  is  easily  seen  from 
§§  14  and  15;  for  there  is  no  reason  why  a  P.L  which  occurs 
in  two  distinct  or  consecutive  curves  should  belong  to  the 
special  curves  or  (see  Ex.  10,  where  y  =  0  is  a  P.L 
which  does  not  divide  a,  or  c). 

Another  addition  to  the  bibliography  of  the  subject,  is  a 
paper  by  Professor  M.  J.  M.  Hill,  “  On  the  flex-locus  of  a 
system  of  plane  curves  whose  equation  is  a  rational  integral 
function  of  the  coordinates  and  one  arbitrary  parameter”, 
Messenger  of  Mathematics j  Vol.  xxiii.,  pp.  120-9,  1893-94. 
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